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Abstract

In this paper we study the K-theory of the integral group ring Z [ C, x C,]. We prove

that the relative SK, group of the integral group ring Z [ C, x C,] is an elementary Abelian group of
rank-3. We also show that the 4-rank of K,(Z [ C, x C,]) is at least 1 and the 2-rank of K,(Z [ C,

xC,]) is at least 10.
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The structure of the relative SK, group of the
integral group ring is crucial to compute the K, group
of the integral group ring. However it is very difficult
to determine the exact structure of the relative SK,
group. We can only find some results about the
structure of the relative SK, group SK,(Z [G])
when G is an elementary Abelian p -group. In this
paper, we consider the case of G = C, x C, = < o,

4

7l o' =7 =1,07 = 70 >. We use the a result
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about the exponent of SK,(Z [C, x C,],2Z [C, x
C,]) in Ref. [ 1] to determine the exact structure of
the group SK,(Z [C, x C,]1,2Z [C, x C,]) . We
use the result about the structure of K, (F ,[ C, x
C,]) in Ref. [2] to study the structure of
K,(Z [C, xC,]) , and we obtain a lower bound of
the 4-rank of K,(Z [ C, x C,]) and a lower bound
of the 2-rank of K, (Z [C, x C,]).
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1 Preliminaries

Let C, be a cyclic group of order n, p be a
prime number, and F, be a finite field of p
elements. Let J(R) denote the Jacobson radical of a
ring R. We first introduce a basic definition which is
crucial to compute the relative SK, group.
Definition 1.1 Let G be a finite Abelian p -group

and O, be the ring of integers in an algebraic number

field . A subset S C G is called an F-cluster of
characters for G if S contains exactly one character for
each simple F[ G] -module. WhenF = Q,0, =7 ,
we will call S a cluster of characters for G. If Sis a
cluster of characters for G, We will define S, = {y
e S| Z[x]l # Z 1. S, will be called an
imaginarycluster of characters for G . Note that S, =
S- {trivial character{ when p is odd and S, = {y e
SIIim(y) | > 2} whenp = 2.

The following two theorems will be used to
determine SK,(Z [C, x C,],2Z [C, x C,]).
Theorem 1.1 (Theorem 1.10 in Ref. [1]) Let G
be a finite Abelian 2-group and S; an imaginary
cluster of characters for G . Then

SK (Z [6],22 [6])
= [[Tmx1/4,,(6® (2 -¢)(J(Z,[6]))).

X€So

Note  The elements z Ag € ZAZ[G], b is

defined as follows:

(T A0 = T ae
Vg,h € G, b, is defined as follows:
x; (&), ify;(h) =1;
1, if y,(h) # 1.
Theorem 1.2 4. 7 in Ref
[1]) exp(SK,(Z [C, xC,],2Z [C, xC,]) = 2.

¥, (g®@h) =

(' Proposition

2 Main results

The following are the main results of this paper.
Theorem 2.1 SK,(Z [C, xC,],2Z [C, xC,])
= C..

Proof LetG = C, xC, =< o,rl o' =7" =1,

o7 = 170 >, and ¢ be a primitive 4th root of unity.

Define the characters of C, x C, as follows:
X 0 <i,j<3,
xi(o) = & x,(r) = ¢,

then )(ij(O'h’Tk) =& Let S, = {x,;,0 <j<3,
Xi i = 0,2}, then by Proposition 4.7 of Ref. [1],
S, is an imaginary cluster of C, x C,.

Then by Theorem 1.1,

SK,(z[C,xC,],2Z[C, xC,])
= [[Timx)/,s, (6 ® (2 = &) (J(Z ,[6]))).

X€ 5y
Obviously, im y,, = imy,, = imy,, =imy,, =

imy,; =imy, = C,. In the following, we will fix

the order of the product H im y as H imy = im y,,

X< 5o X€ 5o
. . . . . 6
X im y,, X im y,; X imy,, X imy,; X imy,, = C,.

Next we will determine the structure of

U, (C® (2= ¢) (J(Z,161))).

For any x e ](22[0]) =<2,g-1lged
>, we have y ( (07 ® (2 -¢)(x)) = ¢, (0 ®
(2 -¢)(x)) * s, (1 ® (2 = $)(x)), then

U5, (6 ® (2= ) (J(Z,[6]))) is generated by
the following 34 elements,

s, (0 ® (2 =¢)(2)) 4,5, (1R (2 -$)(2)),
(0 ® (2 = ) (o' = 1)) iy (7 ® (2 -
d)(o'r -1)),0<i,j<3}.

We will compute the value of ¢Xsn(a' ® (2 -
¢) (o7 - 1)) as an example, and the same method
can be used to determine the values of the other 33
elements. For
(2-¢)(or-1) =207 -2 -7 +1

=-0o'7 +207 -1,
we have
s, (0 ®(2-¢)(or -1))
= l/JXSU(0'®(—o'272 +207 -1))

(yi/‘) € Him)(,

x€ 5o

where
vy =, (0 ® (-0o'T +2071 - 1))
=y, (e ®o’) Y, (e ®or)” x
g, (c®@1)7"
By the definition of P, o we have y,, = 1,y
=&y = Eyn =y =1, and y, = £
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Hence

U (0 ® (2 -d)(ar -1)) = (1,6 ,6,6,1,8).
Using the same method, we can get the
following generators :
P, (0@ (2-¢)(1-1))
=Y (T®(2-¢)(1-1)) = (1,1,1,1,1,1),
s, (0 ® (2 -¢)(2)) = (1,£,6.,8,6,1),
s (TR (2 -¢)(2)) = (£,1,,1,6,8),
s, (@2 -)(r-1)) = (1,1,£,8.8,8),
s, (0 ®(2-¢d) (7 =1)) = (1,1,&,1,£,1),
b, (0@ Q2 -d) (7 -1)) = (1,1, .6.,8),
U, (0 ® 2 -d)(o-1)) = (1,6,6,6.6.1),
U5, (0 ® (2 =) (o - 1)) = (1,6, ,1,6),
P, (0 ® (2 -d)(or’ -1)) = (1,£,8.6,6.1),
Ui, (0 ® (2 =) (o7 —1)) = (1,6 ,1,6,6,8),
U, (0 ® (2-¢) (0" - 1)) = (1,£,.6.6,1),
U, (0 ® Q2 -d)(o'r=1)) = (1,€,6,1,6.8),
U (0 ® (2 -¢) (o7 -1)) = (1,€,1,6,1,1),
Ui, (0 @2 =) (a7 =1)) = (1,6 ,6,1,6,8),
U, (0 ® (2-¢) (o’ 1)) = (1,6,6.6.6.1),
P, (0@ 2-¢)(a'r=1)) = (1,EE 1,6 .,6.6),
Ui, (0® (2-d) (T =1)) = (1,EE £ ,6,6,1),
Ui (0 @2 -d) (a7 =1)) = (1,6 ,6,6,1,8),
P, (TR (2 -¢)(1-1)) = (£,1,6,1,6),
P (T® 2 -¢) (77 —1)) = (£,1,£,1,£.8),
P, (T® 2 =) (7 =1)) = (£,1,£,1,£¢),
o (T® (2 -¢) (o -1)) = (1,16, £,),
U, (TR (2 =) (a7 -1)) = (£,1,8,6,1,6),
Ui (T® (2 =) (a7 - 1)) = (£,1,6 .6 ,£,1),
U (T® 2 =) (o’ =1)) = (£,1,1,8,6.,6),
U, (TR Q2 =-¢)(0" =1)) = (1,1,,1,£,1),
U, (T® (2 -¢) (o't - 1)) = (£,1,6,1,£&),
Ui, (T® 2 =) (a7 - 1)) = (£,1,1,1,1,&),
U (T® Q2 -d) (o - 1) = (£,1,8,1,6,8),
U, (TR Q2 -¢)(o" =1)) = (1,1,£,6.6¢),
U, (T® 2 -¢)(a'r-1)) = (£,1,1,€,8.6),
U (T® Q2 -d) (o' -1) = (£,1,8.,8.6,1),
U, (TR 2-) (T = 1)) = (£,1,€.,6,1,6)].
Because some of these generators are the same,

we use a, to denote the different generators .

{al = (1’52952’52’52’]);
a, = (52’1»52’15§2’§2)§

a, = (1,1,8,8.,8.8);
a, = (1,1,&,1,&,1);
a; = (1,£,8,6,8,1);
ag = (1,£,8,6,1,6);
a; = (1,8,1,8,8.,6);
ag = (1,8, ,1,6.,6);

a, = (1,8,1,8,1,1);

ay = (£,1,8,1,6,6);
b= (1,88 ,6,8);
po= (E,1,8,8,1,8);
= (£,1,6,8.6,1);

Q
1l

Q
Il

Ay = (53’1’1952’§2’§3);
a5 = (§2’1’1’151,§:2>;
Ay = (53,1a§2,§2’],§3>-}

Next we will determine the structure of the

group generated by @, which is ¢, (¢ ® (2 -
$)(J(Z,[61))).

Forl <i<6, letb, be the vector of dimension
6 in which the ith component is & and the other
components are all equal to 1. Letb, = (£,1,1,1,
1,6) by = (1,&,1,6,1,1) b, = (1,1,£,1,£,1).
We show that {b,,1 < i < 9} is a generating set of
the group generated by {a,,1 < i < 16}.
On one hand, {b,,1 <i<9} can be generated
by {a,,1 <i<16}.
as +ag - a, = (1,£,1,1,1,1) =b,,
ag + b, = (1,1,1,,1,1) =b,,
cag b, = (1,1,,1,1,1) = by,
a; + by = (1,1,1,1,€,1) = b,
ayra, s aycayca, ca, = (1,1,1,1,1,8) = b,
ays by = (£,1,1,1,1,1) =b,,
@y, b, by b, by = (&£,1,1,1,1,€) =b,,
a, ~b, < b, by by = (1,6,1,£,1,1) = by,
ag by, < by by by = (1,1,6,1,6,1) = b,.

On the other hand, {a,,1 < i < 16} can be

2

generated by {b,,1 < i <9}.

a, =b, by b, bs,a, =b, by, b5 b,
a, = by~ b, by by by,a, =b, b,

as = b, = by b, - b

* by by ,aq
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a; =by by by by bg,ag = by by bs by e by,

ay, =by, ~b,,a, =0b, by bs b, by,
a, =by b, by by,a, =b by b, bs-b,,
a, =b, ~by b, - bg,a, =0b b, -bs-bs-0b,,
ays = b, cbg,a =b, by b, by b,

Hence {b,,1 < i < 9} is an generating set of

U, (C® (2= ¢) (J(Z,[6]))).

It is easy to know that these 6 elements {b,,
1 < i < 6] generate an elementary Abelian 2-group
of rank 6. We denote this group by H. Then the 8
cosets,

(H,b,H b,H byH b,bH . b,byH, byb,H bbb H|

are disjoint with each other and their union is

‘ﬂst(G@ (2 ‘¢)(](22[C]))) Hence

| 9, (6® (2 =) (J(Z,[6])))1=2"-8 =2,
and
| SK,(Z [C, xC,]2Z [C, xC,]) | = ‘2‘: =2

By Theorem 1.2,
exp(SK,(Z [C, xC,],2Z [C, xC,]) = 2.

So

SK,(z [C, xC,],27 [C, xC,]) = C;.

]

Corollary 2.1 SK,(Z [C, x C, x C,]) = C;.
Proof By Theorem 1. 11 in Ref. [ 1], we have
SK,(Z[C, xC, xC,]) =SK,(Z[C, xC,) D
SK.(z[C, x C,],2Z[C, x C,]).
55inRef. [1], SK,(Z [C, xC,]) = C,.
by Theorem 2.1, we have

SK,(Z[C, xC,],2Z[C, xC,]) = C,.
SoSK,(Z[C, xC, xC,]) = Ci. O
Theorem 2.2 The 4-rank of K,(Z [C, x C,]) is

at least 1 and its 2-rank is at least 10.

By Theorem
Then

Proof By the long exact sequence of K-theory, we have

f,

K,(Z[C, x 041>L1<2<11«;[c4 x C,]) —>

f
SKI(Z [C4 X C4]’ZZ [(:4 XC4]>—3’

SK,(Z [C, x C4])L>SK1(F2[C4 xC,]).
By Theorem 1.2 in Ref. [2], K,(F,[C, x
C,]) = C,® C,. By Theorem 2.1,
SK,(z[C, x ¢,],2Z[C, x C,]) = Ci.. By
Theorem 5.5 in Ref. [ 1], we have SK,(Z [ C, x

C,]) = C,. Then the exact sequence becomes

f, f, f;
Kz(Z [04 X CA]) —>Cz @ Ci—>cz—> Cz
£,

— 1.

By the exactness, im(f,) = ker(f,) = Ci. Then we

get the following exact sequence,

K, (z[C, xC]) ch @cjiciﬁl.

By the exactness, im(f,) = ker(f,) can only be one
of the following three cases,

10 ® €0 ® CC @ Cl

In any of these cases, im(f,) contains one cyclic
subgroup of order 4 as its direct summand. Then the
4-rank of K,(Z [C, x C,]) is at least 1 and the 2-
rank is at least 10. ]
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