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Abstract In this work, by introducing two parameters N\, and \, and using the method of weight
function and the technique of functional analysis, a two-parameter Hilbert-type integral operator is
defined and the norm of the operator is given. As applications, a few improved results and some new
Hilbert-type integral inequalities with the particular kernels are obtained.
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where the constant factor w/sin(w/p) is the best
possible. Inequalities (1) and (2) are important in
') Define the Hardy-
Hilbert’ s integral operator T;L" (0, ) — L"(0,

analysis and its applications

© ) as follows. Forf e L"(0,% ), corresponding to

the only

T = [MP 0y e 002), )

by (2), we have || Tf|| , < w/sin(=w/p) || f ,and
| T| < w/sin(mw/p). Since the constant factor in
(2) is the best possible, we find that | T| =
w/sin(mw/p) "

the relevant operators were

0) to

In recent years,

defined by using bilinear function k(x,y) ( =

replace " iy in (3) by Yang et al. and they

obtained two equivalent inequalities similar to (1)
and (2)"*°.
measurable function h(x}y)) instead of the kernel

1 . . .
P and a Hilbert-type integral operator with the
x +y

In this work, we use the nonnegative

two-parameter kernels is defined. By using the
method of weight function and the techniques of real
analysis and functional analysis, the norm of the
integral operator is found and two equivalent
inequalities related to the norm of the operator are
given. As applications, some new inequalities with

the particular kernels are obtained.
1 Definitions and lemmas
We need the following special functions '’ .

Beta-function

R
= J; (1 =" 'di(u,v >0),
(4)
I'-function
r(z) = Lwe_”uz_ldu(z S0),  (5)

Riemann’ s zeta-function

@

() = Y

k=1

1), (6)

and the extended /-function

@

1
(s,a) = D ——— (7)
‘ 2 v
where Re(s) >1,a is not equal to zero or negative
integer. Obviously, £(s,1) = ¢(s).

If a is not equal to zero or negative integer, 0 <

S

N

1, we define the following value of the

convergent series as

S(s.a) = ;}ﬁ (8)

Lemmal.1 Ifs > 0,a is not equal to zero or

negative integer, we have the summation formula as

® (—l)k
=0 (k+a)'§
S(s,a),

i) e

(9)

C(s,a) =

"
Proof WhenO < s < 1, clearly, Z (_71)
=0 (k +a)’
= S(s,a), and whens > 1 ,we have
s (-D' 5 S
gﬂkﬂz)‘ AEf')(2k+ )’ AZ' 2k+1+a)
| O 1 S 0
TR e
T (kea) TR
+1
“le2) )]
A+ A
If A,,A, > 0, writing down o = ﬁ,

h(w) is a nonnegative measurable function in

(0,0 ), we define k, , as

ko= Lmh(u)u“*‘du, (10)

ApsAg e

assuming that k£, , (= 0) is a limited number.

Setting u = x)“yA"

, we have

Ay L
Aot [ty yridy

by, (xe (0,00)),  (11)

a)AMz(x) :

A £
w)\l-)‘z(y):= )\lyTZHJ; h(x)" /\a)x)”dx
Zk)\w\z,(ye(o,oo)), (12)
Lemma 1.2 Suppose thatp > 1, L +L =1,
q

A, A, > 0, h(u) is a nonnegative measurable

ky ., (see (10)) is a

function in (0, o ),
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nonnegative and limited number f g=0, satisfying

®

[ o= T (0 dx < j Y () dy <
0
then we have the following equivalent inequalities .

©°

L= || W{fhwly”)f(x)dx}"dy

[A )L’] J x o P (x) dw,

(13)

Dows = [} [ RGP A2 () ddy

,\,‘/\2 *
S 1 L{f “ o (x)dx} x
/\lq/\zp

{[y"ema}” (14)
Proof By the weighted Holder’s inequality'"'’ and
(12), we find

{f:h(x“y“)f(mdx}p

= {[we

sfhw' ")

A
x/Z]
yI/\I
).2

(- 1)A1fp( x)dx x

X

Mf()

X2

A

= p-1
XAy A2
[L h(xhy) 2 ]
y “
p-1 ).2

Ay 3 i,{ 1 2
) e 1}(1 ” l)f h(x/\y ) )Alfl( x) dx.
1

By Fubini’ s theorem'"” and (11), we have

[)‘1 A2

p-1 /\2

k).l Aa
,)lj [ M) m,f’( ©) ddy

e

A; wf [j ) -

N

Az

(p- m]dy f] (x)dx

p-1

A1A ® o
) /\];")\:L wAmz(Q’)x R () d
:[ AMZ] f x Az fp( ) dx.
AJAS

By Holder’ s inequality, we have

A2

T = [ {7 [ hCaty ) fo i)

A2

1y”/”g(y){

1

<1, {f y g (y)dy} (15)
By (15) and (13), we obtain (14).
On the contrary, if (14) is true, fory > 0,

setting the function as

p-1

g(y): = y:ql[Lwh(x“Az)f( Ydx|

by (14) we obtain
0< [y g () dy

© X

= [ [ rGy o e dy

= [/\I.Az = J/\].Az

k’\lv/\E 3 U, 1IT
S o I,{f Xt f’(x)dx} x
AjALY

{f y i 'q(y)dy}-
By (15), we have that/, , < . Ifl, , =
0, (13) is tenable naturally. If0 < [
(16) we have

(16)

o, < @, by

1

© ,,/\72_ ) 1
{L y g (D} = T

@

1
k)‘l')‘2 oy » n
< — x T fP(x)dxp
Ty v JO
2

[ ] j B () d

AY /\’
So (13) and (14) are equivalent. The lemma is
proved. U]
1 1
Lemmal.3 Ifp >1,—+ — =1,A,,A, >0,
P q
A+ A
writing down @ = ————>, h(u) is a nonnegative
Ay

measurable function in (0, ), satisfying that k&

Ap,Ag

(see (12)) is a nonnegative and finite number. If
there is & > 0, such thatk, , .6 = J’ h(uw)u™
The 0

For O

du is still a nonnegative and limited number.
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< < mi and ¢ is small h T =
& min{pd§,qd} , and g is small enough, we iJ’ (J x"”‘lfdx)h(u)u“v—ldu
define the following real function Ay u
, 0., e (0,1) = G du +
flx): = { Py , AyAydo
x x e [l,») j h(u)uu_li'_ldu. (19)
0, ye (l1,») Ak
g(y) [ &MF Since h(u)u"”jii*1 < h(uw)u"',u e (0,1),
;o 0.1 -
Y ’ Yy € ( s ] h(u)ua—7—1<h<u)ua+571’ue (l,w),k)\ N and
Then we have v
1 ky 1,5 are limited numbers, by Lebesgue’s
]N,\Mz&‘ = [J; x_Tz_lfW(x)dx] " dominated convergence theorem'”’ | when & — 07,
. 1 we obtain
2N, q
Al d & 1 £ !
[L Y &' (y) y] fh(u)u‘“771du :Jh(u)uwldu+ol(1).
0 0
1
=—, (17) (20)
Al A © e » .
and ﬁ h(u)u®* 7 du =ﬁ h(u)u®* du + 0,(1).
Iowe = ef [ BNy 700 () dudy (20
Putting (20) and (21) into (19), we get (18).
k, A2
= (1 0°). 18 0
AL o(1)(e—0") (18)

Proof We easily get

Je = [[+ 5 (ow]’ [[ PR ] e
- H"xlAl,,dx]l[fo‘ywdy]«g
_ 1
APAT
Setting u = x"'y*2, by Fubini’ s theorem, we
have

~

e = gffh(xwwﬂx)g(y)dxdy

/\]
= gj
1

= fiﬁmx_“Awdx[fx h(u)u“V?Jdu]
2

IZJ h(u )u‘“/ "du +

71 Ae

- 7ﬁ dx i

E f h(u)u”’il_]du
1

'M 2

dx[f h(x"y")y ™ ;Azgdy]

R

g
g
u
U
u

1 &
= 1Jh(u)u‘”7_ldu+
AALdo

Aifx""‘gdx[fhh(u)u“*%"du
2 1

1 &
= 1Jh(u)ua+7_ldu+
AjAydo

2 Main results and applications

If 6(x) ( > 0) is a measurable function, p =1,

the function space is set as

L’;(O’w): =

{h=051n1,,:

= {Lxﬁ(x)hp(x)dx}p < °°}~

Ifp > I,L+L =1,A,,A, >0, writing down
P q
A+ A, . .
o = —, h(u) is a nonnegative measurable
AA,

function in (0, ), satisfying that k, , ( see

(10)) is a nonnegative and finite number, setting

Tg(y): = Tl_ X

%)
7+|

and ' " (y) =y
T/ (0,0 ) — L,

m
=x_/\2 ,ye (0,@),

¢(%):
, we define an operator
(0,00 ), forf e LZ(O,oo )

(TN (: = [ A"y f(n)de, (v e (0,
®)). (22)
In view of (13), it follows Tf e Lj.,.
Ly, (0, ), we define the formal inner of 7f and g
= [ [ Rty () dady.

0 0

(23)

For g €

(Tf,g) :
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Hence the equivalent inequalities (13 ) and

(14 ) may be rewritten in the following abstract

forms
P k)‘l-)‘z ' »
LT e s | ——<| IS5e,  (24)
AT AS
k AlsAg
(Tf8) s —— =< I/, el (25)
AV AS
T is obviously bounded'”', and | T| < ):le.
AfAg
We call that T'is two-parameters Hilbert-type integral
operator.
1 1
Theorem 2.1 Ifp >1,—+— =1,A,,A, >0,
p q

h(u) is a nonnegative measurable function in (0,

OO)’k

(see (10)) is a nonnegative and limited

02
Tly) =y e
WA/, lel,, >0,

then we have ||T| = %, and the constant

AfAy
factors in (24) and (25) are the best possible.

ApAs
m
number , @(x) = x %

Li(0,0),2 e L,(0,0),

A,y
T n

AfAS

then there exists a

Proof Assuming that the constant factor

(25) is not the best possible,

positive k < i, such that inequality (25) is still
Ay

Aj

1
q

ky
- > by k. Specially, putting
Ay )\5

];(x) and gj(y) in Lemma 1.3 instead of f(x) and
g(y), then by (17) and (18) we have

valid if we replace

k
(1) <
)‘1)\2 )\{l)\zq

XAy

Letting e —0", we getk = , which contradicts

1 1
»

Al AS
k/\] Ay
1

ATAT

the fact thatk < . So the constant factor

/\/\’

in (25) is the best possible one. If the constant
»

k
factor[ )IMZ] in (24) is not the best possible,

1

A lq AZ/;

then by (15) we get a contradictory conclusion that

>

1A

A7 A

S

the constant factor in (25) is not the best

s |-
o |-

ALy

171 =—- O
AP AL

Theorem 2.2 As Theorem 2.1,

possible. So

inequalities (24)
and (25) keep the strict forms, namely,

qA2 1
©

e R e R TC R VR

k)\l,/\
. i] TN (26)
ATAY

(T7.) = ffhw S (y) ddy

ApsAy
— IS,
A’A’

[ (27)

k, . k

Al Ay

where the constant factors [ are

»
2 2

T 1] and ——

T\ P )\ P

ATA AT

1

the best possible ones.

Proof If inequality (25) keeps the form of an

equality, by Lemmal. 2 there exist two constants A
[11]

and B such that they are not all zeroes" -, and they
satisfy
A2 )\]

Aymf (x) =B Mzg (y)a.e.in(0,0 ) x (0,00 ).
xar2 }M]
It follows that Ax’pTz]f "(x) = By’%g"(y)a. e. in

(0,0) x (0, ). Assuming that A # 0, there

m— ~p
exists y > 0, such that x 2 ' f'(x) =

(0, ), which

Ax

contradicts the fact that 0 < || f],, < o. Then

qAn
[By”ﬂgq(y)} Lo e i

inequality (25) keeps the strict form. So (27) is
and (25) are

inequality (24 ) keeps the strict form

true. Since inequalities (24 )
equivalent,

too. So (26) is true. By Theorem 2.1, the constant

k)\ Ay : k)ll.)tz
factors [ - '1] and —— are the best possible
AfAY A7 AS
ones. |
Assuming thatp > 1,— +L =1,A,,A, >0,
q
A+ A, Py _e
= y = x "2 y / = Al
o' )1 1, @(x) P (y) Y
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fE LZ(0,00),g € L;(0,0o)y“f” ,,W’”g” g, DF(O[) ( )
> 0, we obtain some useful inequalities by selecting H (W (32)
some special kernels in (24) and (25). U 2« I/\ /\é
1) W h(u) = 2 B > a, such that [ ]} Cseeha®s™)f0) gy dudy
(1 +u)f o Jo

= 1
k)\l‘/\z = j %uﬂ_]du — B(B _ a,a), by F(OL)C(a,T)

b (1 +u) <—— 1 Wl lel,, (33)
Theorem 2. 2 we have the following equivalent 25 A

inequalities with the best constant factors

Lwyll[f (IJ:_(lecifiz) pdy
) [M] A1 (28)

J:j f)&(y)dedy BB -a.a)

(1+x"1y2)F //\g A0, e,

(29)

2) If h(u) = m,ﬁ > «a, such
that &, , = Lm muwdu _

;, by Theorem 2.2 we have the following
a(B - a)
equivalent inequalities with the best constant factors
as
L AESTIN.
0 y [f (max {1,x"1y"2})? Y
1 r i
<| == .. (30)
AiAsa(B - a)
f f S(x) g(y) dxdy
(max {1,x"1y"})?
1
<z ISl el (31)
Aiasa( - a)

3) If h(u) = sechu, by Lemma 1.1 we get that
/\1/\2 j (sechu)u*'du = ZJ 72”uu71du =

® k -(2k+D)u_ a-1 _ *
22}::0(_ I)L e wde = ZF(a)zk:n
(_l)k = F( )C(a ) and by Theorem 2.2
(2k +1)° 2! 2

we have the following equivalent inequalities with the
best constant factor

qgA
—ZH

L y e [Lm (sechx’\'y)‘z)f(x)dx]pdy

4) Ifh(u) = cschu,a > 1(A, +A, > A,A,),

by (7) we get that k,
[
1

(a)¢(ay
2F(a)z 2k + 1) 2!

Theorem 2. 2 we have the following equivalent

o :J; (eschu)u®"'du

® o0
a-1 ~(2k+1 o
du = 2 E f e e dy
f=0J0

, and by

inequalities with the best constant factors

A

L }”:[J' (escha’'y*) f(x )dx] dy
Dr<a>z(a, +)g
U 2« 1/\ /\g

[ [} Cesehatty™ () g(r) dudy

gI1% (34)

r(a)¢(a,5)

2

<2,
TATAY

5) Ifh(u) =1In(l +e™"), by Lemma 1.1 we

%
@

N = L In(1 + e™)u*'du = Zk:o

el ., (35)

get that £,

(_71)1( o kDU an (71)/‘
k+1 du_r(a)zl‘ ()(k+1)a+l
_ I'(a) 1\ 3 [

T gl f(a+1,7) {(a+1,7)], and by

Theorem 2.2 we have the following equivalent
inequalities with the best constant factors

A2
Tt

0°°y o {Lx[ln(l + e_m“:)]f(x)dx}ﬂd}

F(a)[{(a +1’%)_§(a +1’%)] ” T
2Nia

(36)
J:o Lx I:hl(l + e’x/\l.y)xz) ]f(x)g(y)dxd}
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1 3
<Fw44a+L2)_4a+L2”ﬂuwwHW

+1 Lt
2N\

(37)
6) If h(u) = arctan(e ™), by Lemma 1. 1 we

®

f arctan(e ™) u*'du =
0

o

z k=0

(-D" e I'(a) ( 1)
L S du = -
(2k+1)“*‘Le o E e [fe oy

s3]

get that £,

, and by Theorem 2.2 we have the

following equivalent inequalities with the best

constant factors as

[arctan(e ™"""?) ]f(x)dx}pdy

rfeastg)-at )0

4a+1/\17:)\j)
(38)
[ [ CaretanCe™") 1f(x) g () dudy
F(a)[{(a + 1,%) - {(a + 1,%)]
< 1 1
40‘”/\?’/\2’
(V2| R - [ (39)
References

[ 1] Hardy G H, Littlewood J E, P(;]ya G. Inequalities [ M ].

[10]

[11]

[12]

[13]

Cambridge: Cambridge Univ Press , 1952.
Mintrinovic D S, Pecaric J E, Kink A M. Inequalities
involving functions and their integrals and derivertives[ M ].
Boston ; Kluwer Academic Publishers, 1991.

Carleman T. Sur les equations integrals singulieres a noyau
real et symetrique [ M ]. Uppsala: Uppsala Univ Arsskrift,
1923.

Yang B C. On the norm of an integral operator and
applications[ J]. J Math Anal Appl, 2006, 321 182-192.
Yang B C. On the norm of a Hilbert’ s type linear operator
and applications [ J ]. J Math Anal Appl, 2007, 325.529-
541.

Yang B C. On the norm of a certain self-adjoint integral
operator and applications to bilinear integral inequalities[ J].
Taiwanese Journal of Mathematics, 2008, 12(2) :315-324.
Yang B C, Rassias T M. On a Hilbert-type integral inequality
in the subinterval and its operator expression[ J]. Banach
Journal of Mathematical and Analysis, 2010, 4 (2).100-
110.

Yang B C. A new Hilbert-type operator and applications[ J].
Publ Math Debrecen, 2010, 76(1/2) :147-156.

Yang B C. The norm of operator and Hilbert-type inequalities
[M]. Beijing: Science Press, 2009 (in Chinese).

Huang Z S, Guo D R. An intruction to special function[ M ].
Beijing: Peking University Press, 2000 (in Chinese) .

Kuang J C. Applied inequalities [ M ]. Jinan: Shandong
Science and Technology Press, 2004 (in Chinese).

Kuang J C. Introduction to real analysis [ M ]. Changsha:
Hunan Education Press, 1996 (in Chinese) .

Taylor A E, Lay D C. Introduction to functional analysis

[M]. New York: John Wiley and Sone, 1979.



