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Abstract In most of the unconventional superconductors, the quasiparticle excitation spectrum
possesses line or point nodes leading to a power-law temperature dependence in the thermodynamic
quantities and transport coefficients at low temperatures. In this work we show analytically that an
applied weak Zeeman magnetic field can drastically alter these nodal structures. In particular, we
predict that surface nodes might be induced on the Fermi surface under certain circumstances. Our
numerical calculations of electronic specific heat for selected spin-singlet and spin-triplet states
confirm that the change in the nodal structure may accompany significant modification in the power-
law temperature dependence.
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Over the past three decades, unconventional including the heavy-Fermion superconductors with or

superconductivity with gap symmetry other than s - without the spatial inversion symmetry, the high- T,

2]

wave has been found n Several ClaSSBS Of materials, Superc()nductors, and the organic Superc()nductorsil- .
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The study of exotic properties of unconventional
superconductors has become a central issue in the

field of

unconventional superconductors have nodes ( zeros)

condensed matter physics. Most  of
in the gap functions along certain directions in the
momentum space. Since the nodal structure is
intimately related to the pairing interaction, its
identification is of fundamental importance. The
anisotropic  nodal  structure in  unconventional
superconductors has mainly been investigated by
excited  quasiparticles.

probing the thermally

Experimentally, the temperature dependence of

several thermodynamic quantities and transport
coefficients such as electronic specific heat C,(T)
nuclear magnetic resonance relaxation rate T;' (T,
London penetration depth A(T), and thermal
conductivity k(T) have been extensively used so far
to explore the nodal topology of unconventional
superconductors.

For a superconductor with the order parameter
belonging to a one-dimensional representation of a
given crystal symmetry, the nodal topology is
restricted to either line nodes or point nodes. The
existence of Bogolubov quasiparticle excitations in
the neighborhood of these nodes gives rise to a non-
BCS behaviour in the temperature dependence of
thermodynamic quantities and transport coefficients ,
particularly at low temperatures where the
contributions from the nodes are dominant. In the
clean limit, the thermodynamic quantities and
transport coefficients exhibit a power-law ~ T
temperature dependence as T — 0, other than an
exponential temperature dependence exp( — A,/T)
as in the case of the fully gapped s-wave
superconductor. According to the generalized BCS
theory, the power-laws in temperature depend on
only the dimension of the structures of gap nodes (i.
e. , points or lines) and the rate at which the gap
vanishes in the neighborhood of the nodes. In the
case of electronic specific heat C,(T) , one hasn =
3 for point nodes with linearly varying gap amplitude
around the nodal point, and n = 2 for line nodes as
well as point nodes where the gap is quadratic in

distance from the nodal point in the momentum

[34]
space .

However, the hint in the nodal structure might
be hidden by some extrinsic origins of low-lying
states within energy gap. Impurities are at the
forefront of the extrinsic origin. Scattering by a

sufficiently small amount of impurities in
unconventional superconductors may cause decrease
in the critical temperature and bring in changes in

the nodal

dependence ineffective. This issue is discussed

structure leading to the power-law

within  and
(58]

extensively beyond the Born

approximation Another extrinsic origin leading
to similar effects might be an applied weak Zeeman
magnetic field (ZF) which breaks the time-reversal
symmetry. Recently the role of a weak ZF in the
noncentrosymmetric - superconductors >’ | where the
Cooper pair state is a mixture of spin-singlet and
spin-triplet states, has been discussed by several

authors'>"'.  The

accidental line nodes*

stability of the

12-13]

suggested
and the possible types of
nodal structures induced by ZF have been the
focuses of discussion'”'™. In this work, we
investigate how the nodal structure in pure nodal
spin-singlet and spin-triplet states as well as the

power-law temperature dependence for electronic

specific heat are affected by an applied weak ZF.

1 Formulation

Let us consider a superconductor modeled by

the Bogoliubov-de Gennes Hamiltonian
H=H,+H,. (1)
The first term H,, is for a noninteracting conduction

electron system subjected to a ZF,

H, = 2 z (e,00 +h - o')aﬁc;mckﬂ, (2)

k  op
where ¢} (c,,) creates ( annihilates) an electron

with wave vector k = k(sinf,cosd,, sinf,sing,,
cos,) and spin a, o = (0,,0,,0.) denotes the
Pauli matrices, o, is the 2 X2 unit matrix, €, is the
parabolic bare band dispersion measured relative to
the chemical potential y and restricted to | €, | < w,
with w, being the usual cutoff energy. The ZF is
specified by b = h(sing,cosd, ,sind,sing, ,cosb,) .

The second term in (1) describes the pairing
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interaction with E (k) = -E'” (- k). The electronic specific
1 Pt heat C, can be expressed as
Hint - 7 ; azﬁ [Ak.OQB ckac_kB + ’ afk
i ; C, = EY (k) 2, 11
A} e + DasFip ] (3) 2 XETR Gy (11)

with the anomalous averages F ,, = <ckac_kﬁ> , and
the gap function defined by
Ao == 2 X VB Frps (4)
M
where V. (k,k") denotes the pairing potential.
The Pauli principle requires that A, ,, = — A _ g,
By using the Nambu vector operator, ¥, =
(cer iy ,ctH ,cikl )", where (+--)" stands for the
rewrite  the

transposing  operation, we can

Hamiltonian in a more compact form

: . I
H = 72 'pchHklIIk + zek +72 ZA"ABFZ*&"’
- & k  ap

(5)
where
. Ou, A, O
ao-gt (6)
ta, -m- O
with
Mk =¢o0, +h- o (7)

The gap matrix Ak can be parametrized by
introducing a scalar function ¢, with ¢y_, = ¢, , and
further a vector functiond, withd , = - d, (the d -

vector). We have

A _ Asl)bk(iay*)

k

for spin-singlet,

= : o (8)
Ad, - o(io,) for spin-triplet,

where the amplitudes A, and A, are chosen to be real

and positive.

The pairing potentials in (4) are taken to be

V.
Vipru (K E") = = j(‘ﬁkig»)aﬁ(‘/fk'ia'yﬂu (9)

for spin-singlet states, and
v, . o
Vegoru (K E") == j(dk s gio,) 4 (d, - aig)),,

(10)
for spin-triplet states, where V., V, > 0.

t

The excitation spectrum

of  Bogoliubov-de
Gennes quasiparticle E(k) can be obtained readily
by diagonalizing the matrix Hk in (6). For the ZF
oriented in the direction (8, ,¢,) , one can generally

find four solutions, namely, E'” (k) and E” (k) ,

where

fi = f(EY (k) = 1

exp(E\ (k)/T) +1°
Temperature dependence of the gap amplitude A, or

(12)

A, is determined by the gap equation

tanh(E) (k) /2T) 9E') (k)
A, =V.Y Y4 ayA , (13)

ky a

witha = sort.

2 Results and discussion

The nodal structure of a superconducting state
is determined by zeros of quasiparticle excitation
spectra E'” (k) in momentum space. We first
consider the spin-singlet case. The quasiparticle
excitation spectra of spin-singlet state take a simple
form in the presence of ZF,

EQ (k) = \Je + A2 +1 g5 1> £ h. (14)
(e)

s*

As can be seen, E.; (k) are independent of the
orientation of the ZF, an important feature specific
to spin-singlet states. It is evident that the upper
branch E' (k) has no node, while the lower branch

E'” (k) may show nodes when

Al | < h. (15)
For h = O this condition becomes
| ¢ | = 0. (16)

Equations (15) and (16) imply that, for nodal
spin-singlet state, new nodes can be induced in the
vicinity of the original nodal points or lines by an
arbitrarily orientated weak ZF. For example, we
consider two typical d -wave states

R
b = '

(dhz,xz,),z - Wave) ,
(l/;i - éi) +i ]Afx i;y (dxz_yz + idx), - W&VB).
(17)

The d,,_._, -wave slate possesses two isolated line

. 1
nodes locating at §, = arccos—and 6, = 7 — arccos
3

1 on the Fermi surface. By introducing ZF, these

line nodes are spread to two strips [ see Fig. 1(a)
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and 1(b) ]. On the other hand, the d,_ , + id,, - ;
_ . ' ) () d .. .-wave
wave state exhibits two isolated second-order point o4 = 2xy
nodes, one at each of the poles on the Fermi - /=014 oo
surface. These point nodes change to two spots when o o002, ...".
the ZF is switched on [see Fig. 1(c) and 1(d)]. < sk vee®®) _
The width of the strip and the size of the spot are )
restricted by the condition given in (15). P ’T
dZZZ—xZ—yz -wave 0.0 1 ! !
(b) d. .+id_-wave
xy Xy
0.4 — /) =() . o]
- ei=0.14,
""h=0.2A\ oot °®
nodal line nodal surface Clo2t > < 7
(@ h=0 (b) h#0 s~
dy2_y2 +1dy, -wave 7
0.0 !
0.0 0.1 02
7T,

nodal point

() h=0

(d h#0

(a) and (b) ford,»_,2_ o -wave; (c¢) and (d) fordo_» +
id,, -wave. The black areas denote the induced nodal surfaces.
Fig.1 Schematic illustration of the evolution of the

nodal structure under the influence of ZF

The change in nodal topology will be reflected
on the temperature dependence of electronic specific
heat at low temperatures. In the absence of ZF, the
temperature dependence of specific heat of our two
d-wave states follows the standard power-law
dependence C,(T) ~ T°. However, an arbitrarily
weak ZF (irrespective of its orientation) can result
in change in the exponent, and we have C,(T) ~ T
for h # 0. In Fig. 2 we present the normalized
electronic specific heat C,(T)/C,(T) as a function
of T/T, for d,> > » -wave and d,_, + id,, -wave at
several values of h, where C, (T) denotes the
specific heat in normal state, and T, is the critical
temperature calculated at h = 0.

Now let us turn to the spin-triplet case. In this
work we will confine ourselves to the so-called
unitary phase for whichd, xd; =0 for all k. In the

presence of ZF, the quasiparticle excitation spectra

can be expressed as

Fig.2 Temperature dependence of electronic specific

heat at low temperatures at several values of i

EQ (k) = \Je, +h* + A 1d)> 25, (18)
Sy = /(e +ATId) )W — Al ld, x Bl*. (19)

Forh =0, E'” (k) may have nodes at momentum k

where | d, | = 0 on the Fermi surface. However,
E'” (k) is positive definite in the B # 0 case.
Thereby we only need to discuss the zeros of the

lower branch E'” (k). Now E'” (k) depends on

both magnitude and orientation of ZF. Since the

Hermitian property of H . ensures that the eigenvalue
E (k) is real, we get the inequality
e +h +A’1d)* -2S5, =0, (20)
which can be rewritten as
(6 —h* +AY1d)*)” +4A7|d, xhl® =0. (21)
Evidently, E,(_e) (k)
conditions are satisfied simultaneously ;
e —h +A’1d)*> =0, 1d, xh =0. (22)
For b = 0 these conditions are reduced to
ld,l = 0. (23)
Eq. (22) indicates that, in the presence of ZF, the

= 0 only if the following

energy gap in the quasiparticle excitation spectrum
closes in the (6,,¢,) direction on the Fermi
surface, when

Ald] <h (24)
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ford, xh =0, and

ld) =0 (25)
ford, xh # 0. In the presence of ZF it is convenient
to introduce an opposite spin pairing ( OSP) state
(for whichd, x h = 0 for all k) and an equal spin
pairing (ESP) state ( for whichd, +h = 0for all k)™
Then the spin-triplet states can be separated into
three classes: those that contain only OPS states,
those that contain only ESP states, and those that
contain both OSP and ESP states. The spin-singlet
states can be classified as the OPS states. We note
that the condition Eq. (24) ford, xh = 0 is similar
to that of spin-singlet case [ Eq. (15)]. This result
is reasonable since in such a configuration both spin-
singlet and spin-triplet states belong to the OSP
states. On the other hand, Eq. (25) states that no
additional nodes can be created by ZF at momentum
k on the Fermi surface provided that £ and d, are
non-collinear, in strong contrast with the spin-singlet
case.

Now let us consider two special types of nodal
p-wave states for which the d -vectors are independent
of the momentum k. Here for illustrative purposes we
choose the A -phase and Polar-phase in superfluid
*He. The d -vectors™*! can be written as

d - x(k, +ik,), A-phase, (26)

zk,, Polar-phase.
The effects of non-magnetic impurity scattering on
the thermodynamic quantities in these states were
extensively discussed previously™®'. Ath = 0, the
A-phase shows the same nodal structure as that of
the d »_

of first-order, while the Polar-phase possesses line

2 +1id, -wave state but with the point nodes
node which is located on the equatorial circle on the
Fermi surface. As discussed above, no change in
nodal topology would take place for our two phases
as long asd, x h # 0. In the h || d, case, however,
they are in the OSP states and the point and line
nodes are replaced by nodal surfaces (see Fig.3),
similar to the spin-singlet case discussed above.

We display in Fig.4 the temperature dependence
of electronic specific heat for the A-phase and Polar-

phase. In the absence of ZF, the temperature

A-phase

point-

() h=024,hllz

Polar-phase

() h=0 (e) h=024,h | x ) h=024,hlz
(a) — (c) are for A-phase, and (d) - (f) for Polar-phase
Fig.3 A surface node created by ZF only when

the two vectors & and d, are collinear

dependence of electronic specific heat for our two
phases obey the standard power-law dependence,
and we have C,(T) ~ T° for A-phase and C,(T) ~
T* for Polar-phase. As can be seen, the exponents
are unchanged as long asd, x h # 0. For the h | d,
case, however, we obtain n = 1 for both phases, as
in the case of our spin-singlet states. Note that,
when h || z (h || x) the A-phase (Polar-phase) is in
the ESP state and the C,(T) varieswith temperature
asifh = 0.

We proceed to discuss the opposite situation for

0.06 : '
—— =0 A-phase o
-~ h=024, Iz e
— - —h=024, hix e
ot
0.04 H h='0-24,6/,=“/2’¢1:=0'1“ - 2 4
o e
0.02 | R
NTf_.-" (a)
0,00 L= :
0.6 '
—— h=0 P
olar-phase
- - h=024,hix &
— - — h=0.24, iz ]
04 JH h=0.24 6,=0.05n
) -
02f
~T
~T
®)
0.0 '
0.00 0.05 L
1/7.,

Fig.4 Calculated temperature dependence of specific
heat for A-phase (a) and Polar-phase with different /2 (b)
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which the direction of d-vector is a function of k.
Here we consider a set of nodal p-wave states' "
given by
ek %k |
d, = R N (27)
xk, * yk,.
Note that the d -vectors are confined within the x — y
plane. In the absence of ZF, these states exhibit two
point nodes of first-order locating at the poles as in
the case of A-phase. This nodal structure is
unchanged for a ZF not lying in the x — y plane since
d, x h # 0 in this configuration. When ZF is applied
along the (8, = m/2,¢,) direction, however, the
condition given in (24) yields two line nodes across
the south and north poles on the Fermi surface, with

the size of line node limited by 0 < 6, < arcsin LA

(see Fig. 5 ford, = x.lAcy —ylAfx case). The equation
which specifies the location of line node across the
south pole (i.e. the azimuthal angle ¢, ) can be

obtained from the conditiond, x h = 0

sin(¢p, ¥ b,) =0 for d, =

|

ad

=~
<
&

cos(p, £¢,) =0 for d, = xk, =yk,.

PRI XS
L :ﬁl'

(a) h=0 (b) h=0.24, hlz

(c) h=0.24, h|ly

The location of line node depends on the angle ¢,.

Fig.5 Nodal lines for d, =xk, - yk, state induced

only when 4 is in the x —y plane

Plotted in Fig. 6 is the temperature dependence
of electronic specific heat for our states cited above.
Ath = 0, we have C,(T) ~ T as expected. For
h || z, our states are in the ESP states. Therefore the
resultant curve is coincident with that for the B = 0
case. This T° dependence of C,(T) is maintained as
long as 6, # w/2. When h | x, the exponent is
modified to be n = 2 due to the appearance of the
induced line nodes mentioned above. It is noted that

no quasiparticle excitation exists at T = 0 now

because of the lack of nodal surface. Finally we
discuss in passing the B-phase of superfluid *He
where the d -vector is given by d, = Xiﬁx +ylA£y + zlAfz.
In fact this p -wave state is fully gapped. For a ZF
applied along (0,,¢,) direction, two point nodes
are induced at (6, = 6,,¢, = ¢,) and (0, = W -
0,,¢b, = m+¢,) on the Fermi surface whenh = A,.
In general, no surface nodes is induced if the

direction of the d -vector is dependent on k.
0.06

0 d, =xk +yk
— — h=0.24,hllz d ]ey+ kf\x /,/
=Xl =T 1
— - — h=0.24, )ilix L ==V s
......... h= - X
004 0.24,0,=0.31 " |
‘/
& 7
< ra
o e
7
RQS J
0.02 P ~T2 4
o .
-
-
. 4 :
F d
o7
0.00 !
0.00 0.05 0.10
T/T,

Fig.6 Calculated temperature dependence of specific
heat for d, =xk, +yk, and dy =xk_+yk, states
with different i

3 Summary

In  summary, we have systematically
investigated the effects of a weak ZF on the nodal
structures of nodal spin-singlet and nodal unitary
spin-triplet superconductors. Detailed analysis of the
quasiparticle excitation spectrum indicates that the
nodal structure can be changed profoundly under the
influence of ZF. This result is corroborated by
computations of the

numerical low-temperature

electronic specific heat C,(T). We find especially
that, for the spin-singlet superconductors or spin-
triplet superconductors in the OSP states, a weak ZF
may convert the original isolated point or line nodes
into surface nodes, which is responsible for the
C,(T) ~ T dependence at low temperatures. In
addition, the low-temperature electronic specific
heat for spin-triple states is found to be sensitive to
the relative orientation between h and d, in a rather

peculiar way. We hope that our results would be
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helpful for identifying the order-parameter symmetry

of nodal superconductors.
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