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Abstract In this work, a certain Herz space with variable exponent on spaces of homogeneous type

is defined,

and the block decomposition for this space is established. Using this decomposition,

some boundedness for a class of sublinear operators on Herz space with variable exponent on spaces

of homogeneous type is obtained.
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The theory of function spaces with variable
exponent has been extensively studied by researchers
since the work of Kovécik and Rakosnik'"
in 1991 ( See Refs. [ 24
Inspired by Refs. [ 5-7 ],

with  variable

appeared
] and references therein).
we introduce the Herz
spaces  of
block

decomposition for them. Meanwhile, we obtain some

space exponent on

homogeneous  type and  obtain  the

boundedness for a class of sublinear operators on the
Herz space with variable exponent on spaces of
homogeneous type, using this decomposition.

Firstly we give some notations and basic
definitions on variable Lebesgue spaces on spaces of
homogeneous type. Let X = (X,d,u) be a space of
homogeneous type in the sense of Coifman and

Weiss'™®'. This is a topological space X endowed with
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a Borel measure u and a quasi-metric (or quasi-
distance) d. The latter is a mapping d:X x X —
R*={t e R :t =0} satisfying

(i) d(x,y) = d(y,x),

(ii) d(x,y) > 0if and only if x # y,

(iii) there exists a constant K such that d(x,y)
< K[d(x,z) +d(z,y)] for allx,y,zin X.

We postulate that u(B(x,r)) > O whenever r
> 0, where B(x,r) = {y e X:d(x,y) < r}
denotes the open ball centered at x with a radius r.
Our basic assumption relating the measure and the
quasi-distance is the existence of a constant A such
that

w(B(x2 1) < Au(B(x.r)). (1)

As known (See Lemma 14.6 in Ref. [9]), from
(1) there follows the property

p(B(x,R)) _

p(B(y,r)) —

for all the balls B(x,R) and B(y,r) withO0 < r <R
andy € B(x,r). From (2) we have

w(B(x,r)) =C", xe Q,0<r<l, (3)

for any I < + o and any open set ) C X on which

N
A(K) N = loga, (2)

r

xillst;’u(B<x’l) ) > 0. Condition (3) is also known as
the lower Ahlfors regularity condition.

In addition, the space of homogeneous type
(X,d,n) is assumed in Ref. [ 5] to satisfy the
conditions

(D u(ixl) =0, w(X) = =,

(ii) there exist constants @ = 2 and 4, >1 such
that

u(B(x,ar)) = Au(B(x,r)) (4)
holds for allx € Xand0 < r < .

Given a u-measurable functionp: X —[1, ),
I’V (X) denotes the set of pu-measurable functions f
on X such that for some A > 0,

L1 ) <

This set becomes a Banach function space when

equipped with the Luxemburg-Nakano norm

I/l row =
inf{/\ > O:L (%)p(%)dﬂ(x) = 1}.

These spaces are referred to as variable Lebesgue

spaces on spaces of homogeneous type.

The space L'\ (X) is defined by I’ (X) ; =
{f:if € I’ (E) for all compact subsets E C X}.
Define P(X) to be set of p(+):X — [1,% ) such
that

p =essinfip(x):x € X} > 1,
p = esssupi{p(x):x € X} < .
Denote p'(x) = p(x)/(p(x) = 1).

Next we recall some basic properties of the

spaces I’ (X). The Holder inequality is valid in

the form

[ 1 AGgC) 1 duCo) < If 1o e o,
(5)

where
r,=1+1/p =1/p".
The standard local logarithmic condition on X is

usually introduced in the form

A,
I p(x) —p(y) I < T d(xy)

d(xy) <1720,y € X, (6)
where A, >0 is independent of x and y. Condition
(6) is known as Dini-Lipschitz condition or log-

Holder continuity condition.

1 Main results and their proofs

In this section, firstly we give the definition of
the Herz space with variable exponent on spaces of
homogeneous type (X,d,u). Letx, € X, B, = |«
e X:d(x,,x) <d'},andR, = B,\B,_ fork e Z .
Denote Z , and N as the sets of all positive and
non-negative integers, y, =y fork e Z , Xr = Xa
if ke Z ., and y, = xu, where y, is the
characteristic function of R,.

Definition 1.1 Iet0 < o < ®,0 <p < o,
and ¢(+) e P(X). The homogeneous Herz space
with variable exponent Kjg}_’) (X) on spaces of
homogeneous type (X,d,u) is defined by
Kj(p) (X) =1ife Li]n(r:.) (X\%%oé ): Ll ke (0 <o,

where
1/p
1 Wiz oo = L B 11w e
kez

The non-homogeneous Herz space with variable

exponent K", (X) on spaces of homogeneous type

(X,d,u) is defined by
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Kyt (X) = {f € L (X))« |1/ | sy < s
where
- - 1/
11 e, = 4 B w(BY™ 1 oo}
Remark 1.1 When X=R ",
= (j;(xj_yj>2)l/2’ xg =0,

Lebesgue measure, we have

Ky (X) = Kt (R

d(x,y) =lx -

and yu equals

and
Kyl (X) = Ky (R™),

where K& (R") and K" (R") were introduced
by Izuki in Ref. [10].

Next, we consider the decomposition of
Kj("f ,(X). We begin with the notation of central
block.

Definition 1.2 Tet0<a <o and q( ) €
P(X).

(i) A function a (x) on X is said to be a
central (a,q( * ) )-block if

(a) supp a CB,.

(b) [la| wm <u(B,) ™"

(ii) A fuction a(x) on X is said to be a central
a,q( + )-block of restricted type if
(a)supp aCB, for some 1<d(x,,x) <a".
(b) @l ey Su(By)
The decomposition theorem (See below) shows

“building block” of

the Herz space with variable exponent on spaces of

that the central blocks are the

homogeneous type.
Theorem 1. 1
) eP(X).
are equivalent
(feks (X);
(ii)f can be represented by
fx) = Y Ab,(x), (7)

keZ
+ ) )-block with

Let 0 <a<o, 0 <p <o,

and ¢ ( The following two statements

where each b, is a central (a,q(
support contained in B, and 2 [Al7 < oo,
Proof We first prove tl];at (1) implies (ii).
For every f e Kj("f) (X), write
flx) = 2 fGx(x)

keZ

= ZM(Bk>a A 1 ey X
Kez

JCOx (%)

w(BO) N e |l 10
= Z)‘Abl.(x> ’
kez

where Ay = (B || fu || o v) and b, (x) =
S(x)x, (x)
w(B) A |l L7 (x)
It 1s
b |

central (ar,q(

z DVIREES 2M<Bk>mp A |l IL)"(')(X)
Kez

keZ

obvious that supp b, C B, and
s = (B,) % Thus,

- ))-block with the support B, and

each b, is a

(WAl 7%;1(13)()() < ®.
Now we prove that (ii) implies (i). Let f(x)
= /rezz A, (x) be a decomposition of f which
satisfies hypothesis (ii) of Theorem 1. 1. For each

jeZ , by Minkowski inequality, we have
1 1 e < 2 1AL by || oy (8)
=

Now we consider two cases for the index p. If 0 <p

<1, from (8) it follows that
1 W
= ZM(BQHP A |l ]1)"”')()()

kez
< 2uBOTCE A 118 1)
=k
< 2 rB)T(Z TN u(B) ™)
j=k
, B) ap
=3 I (“( )
k; ‘ /;f /'L(Bj)
< Y AT Y A
kez j=k
<cY Il
ke

If 1 <p<o, by (8) and the Hélder inequality

we have

Il ;|
12 )
= z Tl b, | Lg<')(X) [ b, | 2(/’(')<X)

k=j

< (3 TN by R0 0) " x

k=j

7/2 l/p’
(X 1ol 0)

k=j

= ( z I)\k| I’M(Bk)—apn)l/p « ( ZIU/(BA_)_HPVQ)VP',

k=j k=j

Therefore ,
11 ke oo

< CY u(B)" (Y 1A u(B,) ") x

jeZ k=j

Lq(-)(X)
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(S ucm) )"

k=j
j~k)p/2
< CZ |/\k|p2Ag(./ )P
keZ j<k
<CY Ix"
keZ

This leads to f e Ks(",’)
proof of Theorem 1. 1.

(X) and then completes the

Remark 1.2 From the proof of Theorem 1. 1,
it is easy to see that if f'e K“ & (X) and f(x) =
2 Ab,(x) is a central (a, ¢ (- ))-block

iez
decomposition, then
. 1/p
1 W kg = (X 1A07)
keZ
By an argument similar to the proof of Theorem
1.1

characterizations of the non-homogeneous Herz space

, we can obtain the decomposition

with variable exponent of X as follows.
Theorem 1.2 let0) < a < o ,0 <p < o,

and q( + ) € P(X). The following two statements

are equivalent ;

(i) fe K7 (X);

q0)
(ii)f can be represented by

©

) = Y Ab (%), (9)

=0
where each b, is a central (a, g (+))-block of

restricted type with support contained in B, and Z
=0

[A7 < oo
Moreover, the norms || f || ger (X) and inf
q0)
1/p
(X 1ar)” . o
=0 are equivalent, where the infimum is

taken over all decompositions of f as in (9).

As applications of the decomposition theorems,
let us come to investigate the boundedness for some
sublinear operators on the Herz space with variable
exponent on X.

Theorem 1.3 TLet X be bounded, ¢ () € P
(X) satisties condition (6), 0 <p <o, and 0 < &

1

<1 ———. If a sublinear operator T satisfies
q

[ Tf(x)!

if dist (x,supp f) >

S CIfI o /m(B(x,d(xg,2) ),

d(xy,%)
2K

for any integrable function f with a compact support

and T is bounded on L’ (X), then T is bounded

(10)

on K:(P) (X) and Kj(’: (X), respectively.
To prove Theorem 1.3, we need the follwing
auxiliary result.

Lemma 1.1"" Let X be bounded, the

and p ( + )

measure y satisfies condition (3),

satisfies condition (6). Then

ncen o < CLp(B(x,r)) 177
with € >0 independent of x € X and r >0.
Proof of Theorem 1.3 It suffices to prove
that T is bounded on Kj("f) (X). Suppose of fe Kap

(X). By Theorem 1. 1, f(x) = Z/\b(x) where

jeZ
each b, is a central (a,q(+))-block with support

contained in B; and
1/p
A1 Kepon = ( 'zz' Al ”) .
je
Therefore, we get

TN ke
CZ#(B )N CTx N

< [ SuB)" x
ke
k-2

(X A 1T o) +

j=-x

z:u(Bk)ap x

ke?

2 AL CTo)x I
= C([ +1,).

Let us first estimate 1,

| Tb;(x) |
< Cu(B(x,d(xy,0))) " [ 10,00 1 du(y)

< Cu(B,) | by Il 1)) x| x)
< Cu(B) "u(B) ™ x|
So by Lemma 1. 1 we have
| <Tbj>Xk [ 21

< Cu(B,) 'u(B)™ I xs, 1| ) X

1/( )

q( >(\/ )P]

. By (5) and (10) we get

L"V('>(X) .

lxe, I o0 x
< Cu(B,) "'w(B) “u(B,) " TIu(B,) 7
= Cu(B,) Tou(B)) T, (11)
Therefore, when 0 <p<1, by 0 <a <1 —qi_, we
get
I, = kzi,u,(Bk)“" X
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k-2
(X 1A 1T o)
k-2
<CYuB)"(T 14)" %
kez j=-o

M(Bk) [_HQ(%)JPIUJ(BJ) [—a+1—q(%)]11 )

<cY gy (MB,-))“”‘””]”

jez w52 \u(B,)
<CY APy APt
jez Tkzje2
> |A|”<C||f|w(x) (12)
jeZ

When 1 <p <o, take 1/p +1/p’ =1. Since 0 <«

<1l - %, by (11) and the Holder inequality, we
q

have
k-2 .
< CY uB)(Y IA) w(B,) " x
keZ j=-=

<>*)

k-2 [—a+l -q%}p/z
$CZ(ZI/\].|"X("M) " )x

keZ \j=-=» IU/(Bk>

( g (M(B) )[—a+l—q(lx>]p'/2)p/p'

,u(B )

C ( z |/\| pA(jfk)[fa+]—q(%>]17/2)
keZ - ! 0

C |/\ | p A(] h)[—(x-#l—q(”]p/Z
jez kgiz

< CX A< CUS Mg (13)

jeZ

Let us now estimate [,. Similarly, we consider

two cases for p. When 0 <p <1, by L' (X)
boundedness of T', we have
Zﬂ(Bk)ap X
keZ
w )
(S AT )x 1 o))
j=k-1
<CY uBIT(S TN, o)
=y ey
< CYuB)™(Y 1Al u(B) )
=y Py
B ) ap
=cY IAI? ('“(7k)
/Zz‘ ! Agil u(B;)
< CZ A< ClfI Ii’;l(,;'m' (14)
jez !

take 1/p + 1/p" =1. By L'*"
(X) boundedness of T and the Hélder inequality.

When 1 <p < .

we have

©

< CRuBO" X (3 I (B [1500)) %

j=k-1
(3 1m0 1 50)™
< C;iu(lfm“”(;1 A7 b, [ ) X
€ ]:»_
(S 0, 1580)"
j=k-1

A

PN

i M(B)
=cx(z (5 )
=C3, 1y P%l(z%;)w
scj; A< CS N g - (15)

Combining inequalities (12) — (15), we have
I 77| kepon S Clfl Kepon
Thus, the proof of Theorem 1. 3 is completed.
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