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Abstract In this work, we prove that, for a non-zero functionf € Z(R "), its Riesz transform R f

does not have compact support, which improves the known result of Hilbert transform.
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Forf e I/'(R), 1 < p < «, the classical

Hilbert transform is defined as
_ 1 1)
() = Lo [ M0y

where “p. v.” is the Cauchy principal value ( see

Ref. [1]), that is
p- V. fR i%dt = limf Mdt.

g0 x-tl >e X — |
Yang'*! proved that Z(R ) N H(Z(R)) = {0},
where

AR") = [¢:d e C*(R"),

Va e Ny p,(#) = sup | D6(x) | < o,
forn € N.
That is to say the function Hf does not have
compact support for all non-zero functionf € Z(R ).
Consider n -dimensional Euclidean space R " (n
eN). Forfe I’'(R"), 1 <p<o»,x=(x,%,
,t,) € R", then -
dimensional Hilbert transform H, is defined as

IR -
Hf(x) - ’IT"p. .fR/l (xl —t1>(x2 _t2>'”<xn _tn>dt‘

(2)

...’x") e R", t = (tl9t2’“'
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Forn = 2 Cui et al. "/ obtained the result;
AR NH,(ZAR?)) = {0}.
When n >2, Shen"*! proved
AR™) OH(AR™) = [0, (3)
We have known that Hilbert transform has a relation

with Fourier transform which can be presented as

HA(E) =— i+ sgn(&) (£) (4)

where
1 if x>1,
sgn(x) = if n=0,
-1 if x <0.

FOI’fELP(R”>,1$p<00,x:(x1’x2’...
R ", the Riesz transform R, (j € {1,2,-+,n
defined as

X,) €

P) is

1—‘<n + l>
Rf(x): = — 2
/n-Z

p.V.f |

X =
— = f(y)dy,
x -yl

and we have (see Ref. [1])

Ky(e) =i é;f(f) (s)

If n=1, the identity (5) will reduce to (4).
In this sense, Riesz transform is the higher-
dimensional form of Hilbert transform. Motivated by
Refs. [24], we shall consider whether the equation
AR") NR(AR")) = {0} (6)

holds for n > 1.

In section 1, we will give an affirmative answer

for (6).
1 Main results

Before we prove our main theorem, we need the
following lemmas.

Lemma 1.1 Suppose that f € L' (R") with

compact support. Then we have f € C* (R").

This lemma is a basic result which appears in
many books on real analysis and we refer readers to
Ref. [5].

Lemma 1.2  Suppose that f,g € C*(R")

and g(x) = %f(x) for somej € {1,:--,n}. Then

we have (%)ﬂf(()) = 0 for all multi-index e e N §.

Proof

function g, we have

Considering the continuity of the

g(0) = llm ‘ ‘f(()) (7)

The equality (7) implies that f(0) = 0.
When| al =1,

taking derivatives on g, we

have

ai - if x/ i xj i .
) = L s ()i s

) ) X;

Hw = Fwo T ) @
axj ‘x‘ ‘x‘

By substituting x = 0 into (8) , there hold

%20y = Loy tim 2 i # s

ox;, w0 | x|

90y = Loy 1im
ax.(o) B ax.(()) lgzl x| (9)

Since(;??g(O) nd g(()) allex1stand11m‘ K (i =

1,:-+,n) does not exist while x tends to 0, we derive

from (9) that
aa—i(m -0, (10)

foralll <: < n.
Now we use induction method to solve the case
l al =2
Suppose that for any multiple-index 8 with 181 <
lal, there holds
9 B
(2)n0) =o0. (1)
ax

Furthermore ,

(2) et = (L) +

|
% (o (G ()

The assumption g € C* (R ") implies that

(12)

y+6=a

(ai)ag(x) exists for all x € R". Then we obtain
x

from (11) and (12) that
(&) &) = tim " (L) g0y, (13)
Thus we immediately get (a) f(0) = 0 from

(13). L]
Now we shall prove our main theorem.

Theorem 1.1 Suppose that f € Z(R"). If

Rf has compact support, then R/;f e C°(R") and
f =0.
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Proof First we obtain f € L’(R") fromf e
DR").

Since the Riesz transform R, is of strong type
(p,p) with1 < p < o, we obtain that Rf'is also in
L*(R"). Furthermore, Rf C L'(R") from the
assumption that R f'has compact support. By Lemma

1.1, there holds R/}\-f CC*(R™).

Since f € Z(R") means thatf € L' (R") and
/ has compact support, by using Lemma 1. 1 again,
it yields]? e C°(R").

&

Noting R,:f(f) =-1 €] A(f) by (5), we

conclude
(2] 7o) =o, (14)

for all« € N by Lemma 1. 2.
That is to say,

fR”( — 2mmin) “f(x)dw = 0 (15)

holds for all &« € N .
Let supp f € (, then the identity

LP(x)f(x)dx =0 (16)

holds for all polynomials P by (15).

The collection of all continuous functions
defined on Q is denoted by C( Q). Considering that
the polynomials are dense in the functional space
C(Q), it immediately follows f = 0 from (16). [

Obviously, Theorem 1.1 implies (6), which is

our main conclusion.
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