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Abstract

1 <[ < n, we obtain infinitely many non-trivial elements of order p' in N"K,(F [ C

p,L]) and the exponent of N"K,(F [ C
K-theory; Bass Nil groups; truncated polynomial

elements form a generating set of N"K,(F [
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Let R be a ring with unit. The Bass Nil groups
N"K.(R) are introduced by Bass''' in order to
investigate the relation between K,(R[x,,*,x,])
and K;(R). For anyi € Z, NK,(R) is defined to be
01) - K(R)
induced by x, k> 0. And N"K,(R) is defined by
kernel of the surjection
N"'K.(R[x,]) — N""'K,(R) induced by x, 0.
Wheni = 0,1,2, K,(R) are the classical algebraic
K-groups defined by Grothendieck'”', Bass'"
Milnor' "

the kernel of surjective map K;(R[

iteration, 1. e., the

and

, respectively. When i < 0, the negative K-

!, Wheni > 2, K(R) =
,(K(R) ) is defined to be the i-th homotopy group

theory is defined by Bass''

of the K-theory space K( R) which was first invented
by Quillen'*’
As for the Bass Nil groups, the most known property

via plus-construction or Q)-construction.

is the following phenomenon.

Theorem A (See Refs. [5-9]). Let R be a
ring. Foranyi,m e Z andm =1, if N"K.(R) #0,
then it is not finitely generated as an abelian group.

Let p be a prime number. In some cases,

[8]

NK;(R) are abelian p-groups However, the
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exponents of these abelian p-groups are not FIC.] =FI[t,]/(d),
completely determined. For example, the exponents F I:Cpn] Loy, ooy, ] =F [ty, 1,171,

of NK,(Z [ C,]) and NK,(Z [ C,]) are both 2, but
the exponent of NK,(Z [ C ot
Let F be a finite field of characteristic p and C,,

+ 1) is still unknown

the cyclic p-group of order p". Since K,(F[C,.]) =
K,(F ) =0 (see Ref. [11]), we have
K(F[ p”J[xla'“7 /n:l) ~(1+N>MK(F|: :l):
m m ;
(") vrEre.D.
In Ref. [ 12],
finiteness of NK,(F,[ C,.]) by giving one non-trivial
element of order p and concluded that NK,(Z [ C])

# 0 for any non-trivial cyclic group C. In this paper,

Juan-Pineda showed the non-

we could give infinitely many non-trivial elements of
order p' for any 1 < [ < n in N"K,(F [C,.]). In
fact, we give a presentation of N"K,(F [C,.]) in
terms of Dennis-Stein symbols and show that the

exponent of N"K,(F [C,.]) is p".
1 Main result

Let F be a finite field with p” elements and B =
{ 1 b b b b2 ’ o
over the finite field F, of p elements. Let C,, be the

L'} a basis of F as a vector space
cyclic group of order p"(n = 1) generated by o. Let
J=J(F[C,]) be the Jacobson radical of the group
algebra F[C o ]. The notation @,

countably infinite direct sum, i.e., @,

denotes a

:®SES fOI‘

some countably infinite set S.

Lemma 1.1 NK,( F[C.]) =
K(F [, ]0x].J0x]).

Proof  Observe that F [Cp,,][x]/][x] =
Flx]andF[x] »F[C ,,,] [x] is a split inclusion.
Since F is a finite field, K,(F [C,.]) =K,(F ) =0
And K,(F [x]) =K,(F ) @ NK,(F ) = 0 because F
is regular. Hence the result follows from the two
exact sequences of K-groups:

0 Ku(F (€, )[x],d[x]) = Ku(F [, )[x])
L K(PC)[x]/J[x]) =00,
0> NK(F [C]) — Kn(F[C,][x]) —

Ky(F[C,.])=0-0. 0
Let I =(1}") be a proper ideal in the polynomial
ring ]F [tl 9t2 P m+1 J Then

viang — 1>t and x, > t,,,. Let A = F [¢,,-,

t,.]/Tand M = (t ) be its nilradical wheret1 =i, +
I. ThenF [«x,,-+,x, ] = A/Mand K,(A) = K,(A,
M). So the above lemma becomes NK,(F [C . ]) =
K,(F[t,,t,)/I,M) (m=1).

Lemma 1.2 letl<i<n-landl <h<p

"+ 1
be integers. If p"™ ™" < k<p"™, (logpp 1= {logp

pk
pu B ) B pn + 1 B
ok —h-‘_ t, and if k£ =1, (logp ok W— (logp
P -‘= n, where [a]=min{s € Z | s = af
pk—h
denotes the smallest integer no less than a.
Proof If £ = 1, the computation is easy.
Suppose p" "' + 1 <k < p"™', the result follows from

the inequalities

n n n

pz—l P = P < P t

< < < <p,
pn*l+l _ h pk _ h pu*l + p _ h p
. pn pn +1 pn +1 )
p I = n-t+l < k = n—t < p- l:‘
p p o tp

Theorem 1.1 Let C, be the cyclic group of

p"

order p" ( n = 1) generated by ¢. For any integer m

=1, N"K,(F[C,.]) E®w(@ Z /p'Z ) can be
generated by these elements;

the generators of order p'(1 <[ <n - 1) are {b(o

1) IHx ,(d = 1)) ,where p""" <k <p"’

and ged(p By, B,)= 1, (b(or ~ D*([] )/,

m,p"" <k <p' ged(p,By,
“,B,)=1andi## min{jl B; =0 mod p|,(b(o -

%,y ,where 1 <i <

1) ™ Hxﬁf)/xl,x> where 1 <

Jj=
/
< p',l <

l <m,pn -1-1 < k

< h < p; and generators of order p" are

(o= D [ (o = 1) where ged(p.p,,

B,)=1,{(b(a - 1) (Hxﬁl)/x,, ;) ,where 1
< h <p.

For all the above symbols, b € Band 8 = (3,,
,B.) € N7, where N,

integers.

<i<mandl <

is the set of positive
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Proof Suppose we get a generating set of
K(F[C,][x,,x,]) = K,(A,M) in terms of

Dennis-Stein symbols. Fix j different indeterminates
in {x,,,x,}, say %xil P ,xij}. The elements of
the  direct NK,( F [Cp”] ) C
K(F[C,.][x ,xij] ) C K(F[C,.][x, ",

%, ]) can be represented by using those Dennis-Stein

summand

symbols containing these j different indeterminates.

Hence K,( F[C,][x,,,x,]) contains (m)
J

pieces of NK,(F [C,]). So the elements of
N"K,(F[C,.]) can be represented by using those
Dennis-Stein symbols in K,(F[C,. ][, ,x,])
containing all the m indeterminates.

We follow the notations in Ref. [ 13]. Let N =
{0,1,2:--} be the set of non-negative integers and
N,=1{1,2,3,-+| the set of positive integers. Let &'
=(0,--,0,1,0,---,0) e N"' be the i-th basis
vector. Fora e N | write 1* = ¢%7---1*" where t, =
o —landi,, =x;,for1 < i < m. Define

A ={a=(a, ,0,,) e N"' a =p"},
AN =1{(a,i) e N"™'x {1,2, - m+ 1}}.
For (a,i) € A", let[a,i] =minlk e Z | ka - &'

e Al andw(a,i) =min{fw e N | p* = [a,i]}.

Pt 1_‘, la,j] =(%1 for anyj # 1.

Then [ o, 1] =(

a,
Ifged(p,oy, - ,a,,,)=1, put [a] =max{[a,i] |
o, = 0mod pl. Set A’ = {(a,i) e A'| ged(p,
o, ) = 1,i #min{jl o # 0 mod p,[a,j]
=[a]l},andlet A", = {(a,i) e A°I [a,i] >
1.

Then by Corollary 2.7 in Ref. [ 13] and the
above  discussion, N"K,( F[C,]) has a
presentation with

generators ; <bt“7£i,ti> , where b € B, (a,i)
€ A,>013

relations ; p"'“"” (bt** ,1,) =0, where w(a,i)
=[log,[a,i] ]

It is sufficient to determine the set A"’,.

If o, =p" and at least one of o; with p J(aj , then
only (a,1) € A and [a,1] =2.

If , = pk for some | < k < p"~' andj is the

smallest number such that p )(aj, ie.,pl a;,-,pl

a;_, and p *aj, then all (o,i) except (a,j) are in
AL
Ifp fa,,ie., a, = pk —hfor somel <k <p""
and 1 < h < p, then for eachj =2, (a,j) e AZ.
So one gets
A= D) Ty = piged(pyan, ) = 1

n-1

a, =pk,1 <k <p",

U (a’i> ng(p,az,'"samﬂ) = 15
i # min{j| a; # 0 mod p}

0 o =pk —h,\ O

|:vrz+1 - D

Ugyz () |1 <ks<p',
l<sh<p | O
Let b € B. For any B € N7, write ° =

aeafr We can  get a
N"K,(F[C,]) in terms of the following Dennis-
Stein symbols with generators

c(b(e-1D)"" (g -1)) where l <k <
p"'and ged(p, By, ,B,) = 1;

- (b(o = )" x,) where 1 <k < p"',
ged (p,By,+++,B,) =1 and i # min{;jl B; # 0 mod
pis

presentation  of

- (b(o - 1)1’k_"xﬁ_gi,xi> where 1 < k <

pPllsh<pl<i<nm

The relations are

"+ 1
M (b(a = 1) (o = 1)) =0,
- (b = DM ) =0,

. pflog,,p;%h—\ (b(a = 1) " &) =0.
Then by Lemma 1.2, the result follows. ]

2 Examples

Example 2.1 Let C, be the cyclic group of

order 4 generated by o. Then NK,(F,[C,])
=P, .(Z/72Z @ Z /4Z ) can be generated by
these elements: the generators of order 4 are
(- D" x)yli=1},
[{((e-Dx* " (a-1))1i=1],
and the generators of order 2 are
(o =1yl i=1},
(o -1 (o-1D)li=1}.
NK,(F,[C,]) =®.(Z/2Z @ 7 /47)

can be generated by these elements: the generators
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of order 4 are NK(Z[C,.]) =®.Z /pZ . ]
(e =Da"yY 2yl iz=1,/=1},
(o =-Dxy " y)liz=1,=1}, References
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