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Abstract In this paper, we get the sharp bounds for fractional Hardy operator on higher-

dimensional product spaces from L'(R" x ==+ x R™) to the space wL?(R" x -+ x R™). More

generally, the norm of fractional Hardy operator on higher-dimensional product spaces from L"( R" x
- xR"™) to LQI( R"x .-+ x R™) is obtained.
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Let f be a non-negative integrable function on Hardy operator, the following Theorem due to Lu,
R". The fractional Hardy operator on R" is defined by Zhao, and Yan'' is well-known.
H f(x) := 1 £(y)dy Theorem A Suppose 0 < 8 < n, 1 <p <
-2 < ’
B0, [x) | " < amal-L_B
(1) B p q n
forx € R" (i) Iff e L'(R"), we have
For weak and strong operator norms of fractional Hof | pan S € 11 IP(R™) 2
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where 1
1 1 1 11 B X
7 ; l—; 17_7 l_r”’ |yl\ <|X1\
V) ) -2 B0,y
g/ \p—1/ \¢g -1 q
. [ oo, (@)
<C< ( p ) ' Ly, | <lx, | n ” n
p-1 forx = (x,,%,,,%,) € R'xR?x -+ xR"and 0

(ii) Iff € L'(R"), then for any A > 0,

n

lx e R 1 H () (x) | > /\|$(% ||f||Ll)m.

Moreover,
I, . =L
LR B (R
Based on the previous work'"' | Zhao and Lu'*’
obtained the operator norm of fractional Hardy

operators on R".

Theorem B Suppose that 0 < 8 < n, 1 <
1 1
p <q< co,andf—f=ﬁ. Iffe I’'(R"), we
P q n

have

I H of |

Moreover,

L(’([R”) g A ||f|| LP(R").

I H, A

LR SLIRY

where

=) G sl )

In recent years, Hardy operator on product
space has received much concern. In 2012, Wang,
et al”®! introduced Hardy operator on product space
and obtained the operator norm. Subsequently, Lu,
et al''' generalized Wang’ s work to higher-
dimensional product space. Very recently, He, et
al" investigated Hardy type operators on higher-
dimensional product spaces and obtained the sharp
bounds. Inspired by Refs. [ 1-4], we will compute
the operator norm of fractional Hardy operator on

higher-dimensional product space in the present

paper.
Now we are in a position to introduce fractional
Hardy operator on higher-dimensional product

space. Let fbe a non-negative integrable function on

R" X -+ x R" and then the fractional Hardy operator

on product space is defined by

1
Hﬁly'“.ﬂmf(x) = B]...

1t
‘B(O,‘xl‘)‘ :

<B. <n,i=1,-,m
1 Preliminaries

Before we present the main results, some useful
lemmas and definitions are needed.

The mixed norm space was first defined in
Ref. [5] by Benedek and Panzone and received
much concern (See Refs. [6-10]). In 2018, Wei
and Yan''"! defined a more general mixed norm
space which is called weak and strong mixed-norm
space. We list its definition for completeness.

Definition 1.1 Let (X,,S,,u,), forl < i <
n, be n given, totally o-finite measure spaces and P
=(p,,psy,,p,) a given n-tuple with1 < p, < .
The set I satisfies I C {1,---,n}. A function f(x,,

%,,,x,) measurable in the product spaces (X,S,

W) = (ﬁxi, ll[Si,ﬁ,U.i) is said to belong to the
i=1 iz =1

space LP'(X ) if the number obtained after
subsequently taking successfully the mixed norm
where we take p, — norm for: € I while we take weak
p; —norm forj € {1, ,n} \Iand in natural order is
finite. The number so obtained, finite or not, will

be denoted by | /|| p,

We give some necessary remarks for the space

LP'( X). For more properties, we refer readers to
Ref. [ 11].

(i) 1 =1{1,-
mixed norm space, which is also denoted by L”( X)

or Lpl’m'p”(X) .

,n}, we call LPI(X) strong

(ii) If the set [ is empty, we call LP'(X) weak

mixed norm space, which is also denoted by

wLP (X) or wL’" " (X).

(iii ) The space LPI(X) is a quasi-normed
space for P=1.

For the mixed norm, we have a basic lemma
which plays an important role in the proof of our
main theorems.

Lemma 1.1 Let (X,S,u) be defined as in
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the above definitions. Ifp, = --- =p, = landf €

L' (X), thenf e L'"""(X) and there holds
L s < I

Lemma 1.1 is a direct generation of the
Minkowski’ s inequality. For the proof of the lemma,
readers are referred to Ref. [ 12]. It is not hard to see
Fubini’ s theorem is a special case of Lemma 1. 1.

In the rest part of our paper, we always

consider the spaces on Euclidean space.

2 Main results and proof

Now we formulate our main theorems. We first give
the boundedness of Hardy operator on product space
from L'(R" x -+ x R™) to wL2(R" x -+ xR™).

Theorem 2.1 Let 0 < B, < n;, O =

’ll ’lm .
e, , i = 1, m. Then the

’ll - 132 ’lnl - ﬁ;m
operator H ; ., defined by (2) is bounded from

L'(R"x -« x R"™) to wl®(R"x --- x R™).
Furthermore ,
H o oo o =1L
|| Bl"“'ﬁzn || Ll([R]><<~»><[R"')~>uvL0([R]><-~><[Rm)
(3)
Proof To make the arguments more easily

understood, we prove the boundedness of the case m
= 2 first, and then the case m = 3 is just a repetition
of the case m = 2.

Form =2, the operator H ; ; can be written as

1
(HBI*Bzf)(x] ’x2) = By
Pt
[B(O, [x, [) [
1
l@f f(yl9y2)dy]dy2-

Iyl <lxyl Y1yl <l

[B(O, [x, [) | ™
Whenf e L'(R" x R™), we have

1 lll
Al e @
1-—="1xl <Ix
[B(O, [x,[) |
for all x, € R™. Then Theorem A yields that
” (Hﬁl,ﬁzf)<"x2) ” ny =

5 ,o
g
L 171

)

"1

By
fluj?))‘l‘%xl:(Hﬁl,[jzf)(xl5x2) >/\1} ‘ =

1- : _@J

1 Lyl <layl
n
[BCO, |x, [) [ 7

f( "yz)dyz

LI(R"])

(4)

Using Lemma 1. 1 (or Fubini’ s theorem) , it is

not hard for us to get

1 lﬁf

f<"y2)dy2

|)‘2\<|x2|
‘B(O’ ‘x2‘>‘ : LI([RHI)
1
l_éfﬂ'\knl £)2|<\le f(yl’y2> Y2 |4
[B(O, [x, [) | ™
1
ST % | fry ) | dydy,.
1_@f|y2|<\x2| fu&”‘ Syiy2) Y19Y2
B0, [x, )]

(5)
Obviously, fR"I | f(y,,y,) | dy, € L'(R™) iff e

L'(R"x R™). Then, applying Lemma 1.1 again,

1 _;ﬁj

1 [yl <1yl
|B(O, [x,[) [ ™
Syisy,) ‘dyl)dyz

we obtain

ny
-B,"
2P gy

]

B0, |5, ]) | o
) x2

(.,

=supA,

A,>0

(J;w SCri) ‘d%)dyz > AZ}

<1- ff L f(yiy2) | dydy,
R2R!
= If1

ny
ny=B,

(6)

LMR"xR")
Combining (4), (5), and (6), we obtain
I Hgpfl w n <

w,"‘l'32"’2‘52<R"1xR’12>
1- vy
1 e
for all f e L'(R" x R™).

On the other hand, we will show that the
constant 1 is the best possible. Denote X, ; by X,.
Taking f,(r)= X,(r),r > Oand choosing F(x, ,x,) =
fo(l 2, 1) fo(1 %, 1), wherex, € R", x, € R?, we
get from the definition of H b5, that

1 1

By By

LB, %, 1)1 " B, ]y
fo(l Yy [ )fo(l ) [ )dyldyz

HB“BZF(QCI ’xz) =

Iyl <lxyl Iyl <l
1
= | I )d
l,liJ’\ylldxllfO( v, D) dy,
I B(O, | x, 1)1
1
l,ﬂj";y'z\ <la,l f‘O(l Y2 l )dyZ
[B(O, |2, [) [ 7
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=H, fo(l 4 1) H /ol %, 1),
For 0 < A, <;f £y, 1) dy, =

1-27 1yl <y
B0, [x, () ™
Hp fo(1 2, 1), we divide x; into two cases:

(i) whenl x, | < 1,

1
\Hﬁfowm——ﬁjl Al Dy,
RSURNES!
B0, [, 1)
1
= l—lif'Jl' e Xi(Iyy Ddy,
| BO, |x,|)
v, | % "
:ﬂl—;
1-
" =By
v, Ll
(ii) when! x, | = 1,
1
Hla D= ] xanna,
|
= d
ﬁ J|)\<I 71
B0, |5, )|
U".]
= 5
1-

T 1
Then, combining both the cases we obtain
| {x, e R': | Hyg, BF(xl,xz) > A fl=
'B(0,1)N {x, € R";

ny

8
o H S 1) > ]+
B(0,1) Nix, € R";

Bl
vzl ﬁ‘"‘HﬂfO(lx2|)>/\}\
/\"1
:{xle[ﬁinll ]‘ <|x1|<1}+
IH fo(lle)

31

H  fo(l le))n }

{x, e R":1 <l «, | <(
/\1

_(v”IHBZfO(lle))"ln‘lﬁl ( A, )Bl
- A Hofo(lay 1))

Based on the above results, let A, — 07 and we have

the estimate
n —BI

n

limA, | {x, € R: | Hp p,F (2 ,2,) | > At

X =0
=”w|Hﬂf0<| %, 1), (7)
which implies that

Al x| HBI‘BZF(XI,QCZ) l

sup
0<A; <Hg fy(Ixl)

"

AT = H A ). (8)
ForO < A, <

l x,1 < Tand| x, | =

| {x, € R, H, /(1 x, 1)

we also divide x, into two cases:

ny o
1. As above, we obtain
A,
0,

>)\$|22=vlv. (9)
Since || F || e

(9) we obtain
[Hp g F Il o

by combining (8) with

- ’
"l n

"2
WP 52( 172,
CHE e -
This finishes the proof of Theorem 2. 1. ]

At last, we prove a more general result involved
the weak and strong mixed-norm space.

Theorem 2.2 Suppose P=(p,,*,p,) =1,

Q0=(q,,q,) =1,and foralli=1,--,m, 0 <
1 1 ;

B; < n, 7_7:'87. LetI C {1,---,m!, and we
P q

further suppose 1 < p. < o if i € I. Then the
LB defined by (2) is bounded from

operator H

LP(R"% <+ x R™) to LR"x « x R"™).
Moreover, there holds
”HBI""’BM ” PR eeex® ™)1 2R e xR™™) gc
(10)
where
1 Bi

pi\ o n, n, n Ty
o) sl ) )
q; q.8; aB; 9.6

Proof We only prove the case m = 2 and [ =
{ 1} for simplification, that is to say, forp, > 1 and

P, = 1 we need to verify

l le,;;zfﬂ LQI([R"]XRM) <C - I SRR

(11)

where the constant C, is sharp.
Noting that, Whenf c LP[.IIz( R”] % an) ’
1 4 n
1 BZII»\ I ‘f<',y2>dy2 € LII(R Y,
_Z7 1yl <lx,y
‘B(O’ ‘xz ‘) ‘

for all x, € R™, we get from Theorem B that

” (Hﬁlﬁzf) ( : ’xz) | L(II(R n = Cl X
1
: d
ﬁ j\w7|<u2| f< ’y2> yz
B0, x| _

(12)
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Using Lemma 1.1 (or Fubini’ s theorem) , it is not

hard for us to get

)

ST ) dy,
Iyl <yl
|B(O, |x,]) ‘ DR

1
1 7 I’
- 17& [JR"I dyl]
"

B0, |x, )|

=

Iyl <layl
1B, |, )] *

Theorem B tells us that, whenf e L' (R"x R"?) ,
there holds
1
1— flwzl <lx \

B0, [x, )|
Ldz.w(ﬂ@”z) $ 1 . ”f” Lpl")z([R"]lenz .

)
we immediately

f Sy dy,

Iyl <layl

IRECESIE o

[ a1 dyl]

dy 2‘ SR
Based on the above estimates,
obtain the inequality (11).

In order to show that C, is the best, we
construct a sharp function

F(xy,x,) =f(x,) /(%) ,

where

.f](xl): ny 9
(141 x, 171y 1
1
and

Soloy) =X, (1 2, 1)

As stated in Theorem B, it means
LA
AP
From the proof of Theorem A, we have
LA
TP
Combining (13) with (14) we obtain

=C,. (13)

(14)

” HBI.BQ ” PR R Ql< "LR"2)
|| H'BI‘BZ || LQI(RHIXRIIZ)
= su
L L | F

. I ppy my o
1 ([RIX[RZ) Ll Z(R IX[R 2)

Hyafis | o o
AR

)

)

Vg, B
= . = 1
FAPR A
Thus we finish the proof. ]

We would like to remark that similar results
have been deduced by authors of Ref. [ 11] for
Hardy

spaces.

operator on higher-dimensional product
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