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Property analysis and validity verification algorithms
of sum-product network
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2 Institute of Sofiware, Chinese Academy of Sciences, Beijing 100080, China)

Abstract Sum-product networks (SPN) is a deep probabilistic graphical model which has the
characteristic of fast inference in multilayer networks, and it has wide application prospect in the
field of artificial intelligence. The validity of SPN is that it can be used to represent the probability
distribution correctly so that SPN can be used to represent the distribution functions of some graph
models and all the marginal distributions. Since SPN is not always valid, it is necessary to determine
the effectiveness of SPN quickly. In this paper, we consider the problem of validity verification in
the SPN theoretical system, reveal the internal structure properties of SPN, and propose two
algorithms for verifying the validity of SPN. The correctness proofs and the complexity of the
proposed algorithms are given. We also verify the reliability of the proposed algorithms by giving a
new method of calculating the number of generation trees in SPN.
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Fig.1 An example of sum-product networks

FIRR I 28 K 53 A o3 it IR 45 (sum ) 5 70 fift
(product) [JZ IR G5, R B ML A EES
(9 AE 5 — fEBE R 2 A A AR I 45 1 A R
(validity ) BI& AT D IE B 7 8 5 0 A, il i, A
YA 28 RO RIS HE R A p, 1AL
AL Vo, p(X=0)=S(x)/ Y, S(x) X3
NERAES, S(x) FoREAN x BRI 2815
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2 FRRMEHENERIEEE

FIRRI 28 J2 AT ] JCPRIE (&L 1) B s
KNSR, I S HPITEARSBZ K | sum
RS AR EESES LIRS, product 45 15,
ATEAERRHERIR G, B sum 25 SR AHR G081,
product éﬁﬁﬁﬁtﬁ?ﬁ%ﬁ(, “HBCE LL—Fh AR i
(8 75 LT ACFIAR I 2% | PRI 26 HAT AR R 119 T8 E
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45 T AR R I 4% TR I 28 FT B A
INFIRR 28 e 4 20 A, IR T A B B TR
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PUAEZS T AR 2% i B =Xk e S,

ESCT R g R R 4 R — N AR
HARGERA [ TCHE, N LS SN sum 45 505
product 5 5, 45 UK W 25 g AL i A\ B AR A
HX =X X XA b, 1 X =0,

A ch(Q)VEREE A Q WA T4 S,
pa( Q) ENE R Q0 WITA X E S %S,
desc (Q) N45iR Q WITAFINNES, BRE
$2 sum 2505 Q HHAF 45 ¢ e ch(Q) B AAE
AE w,, , 2w HHNE AR ENES,
S, S S BT SRS 600 0. W24 A
SMABERHR m, KT X — D6, siERZ
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N TATIE , A SUBUE BEHLAS 5 A /RS SR T

KRR IR RN B RO S i, AR — )
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FELHR 23 50 9 A SRy FRR R 285 )
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45 052 AR B AR I 45 i AR 235 5 31 45
iKY,

MRS X BUE R « HAFMZE (LIRS
FOR)ARET, S(x) RREAN « T S AT
AR — ARG, B P(X = %) = S(x)/Z,Z =
Z xS(x) WHEH—SE, BB sum B5 5 Q, T
JI A 45 AR AR 1 HﬂL,EﬂX\v_igoh@\;)wa\sj = 1,
H 45500 A A —Ak 5340, 0 S FoRId—1k sy
i B Vao,P(X = %)= S(x),

S(x) FEMZE R A T, « fE
28 T sum 85 S E R 45 SSUE R
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BRSSO EER S(x) MfE, B 1,5 X, =

1,X,=0,X, =0,X, = 1 I, WARZE 5 AR 0. 5
(0.6 x1+0.4x0)(0.3x0+0.7x1)+0.2x
(0.6 x1+0.4%x0)(0.2x0+0.8x1) +0.3x
(0,9x1+0.1x0)(0.2x0+0.8%x1)=0.522,
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Rz bt A RIE Al E X
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Sy(x) =4 2o ipigy @0 S.(x) 5 Q I sum ZAT,

H o) S.(x) 45 Q A product %5 4.

AP S (x) AHREE A

EX 3 W Z 5 (network polynomial )
LA S =0 R TAURAE RS X EIIHER
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MR Y, fCo) [T 1, e as st 1, 4
X =x W2 1,50 0,
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A X AT TALE v~ X, 394 S(x) = ¢y (x) ,UFR S
SRR, H dg(x) HHEET S BRI,

SEXLS  SEATE, TR E R 4% S,
A S, R SHTA sum 55 0E S, S, M S TITE
product %5 p5 AE A

1) SEFEAMYHMNY Vnes, Ve, e
ch(n):sc(e;) =sc(e,) ;

2) SRS HACYY Yne S, Ve e
e ch(n),c, # c,:

sc(e,) Nscele,) =,

EX6 M (topological sorting) M FEK]
W — A W ICHEIR T P31, 4 HAY
U T AR B R — N MIE

1) BT 1

2) %5 A TEFP A HELE B BT, W AE RO
FAEM B F| A kAR
2.1 Veri-SPN &ix

L 1 XA AR AT B, TH I RO
HEH T EARICETA S RS A BT,
B )20 BIRG A BE45 mU SE A PERTA] S Ak, B X
T sum 45 5, KA K25 G LR A AH R %1
product 45 1, KA H 25 S L2 5 BARAZE,
3E S B E TR I 2 1 6 4 AR g A 2 77 36
AR5 1 AN Veri-SPN, BRI

EE2.1 XNEEENEBHN m, BEDECH
FNFRIEE S, FIE—7E O(n xm®) WIEMEIIE

(1= A W SR T iy = v I E I A1 4
Q,,+,0, & S FTA S S — 1 MEF B E >
=0, ¢ desc(Q,), HTBXEANEERL Q, WIIHLIR{E
H0:a, = [a,,a,,a,]=1[0,0,,0], Z8E=EH
FEA X, € s¢(Q), Wa, = 1, B0, B,
X, e sc(Q,) Wa, 755 i MIERERN 1,

UG5 Q) M U TR S RSO Y
i S RTE A CRYFE I, B A X, ¢ se(Q,),
X, € sc(Q,)=a, =[0,1,---,0] , HTFTAXRIK
AR I g A IR AR i AN o, S5 SR
m, B2 ST BElE A o, IFH S n I ICH
BICHR AHZA—E/NT m, WA 45 S At

%:}iiz"‘y‘j 0( m) o
4558 Q, A product 5 g, TR EEIRIE Q, 1Y

TH AL EEAR BV Q,,0, € ch(Q,),i #
J,sc(Q,) N sc(Qj) =), BhiEAE3 0, W14
FORIE R T A SRS IR A R 0, ML HL, AT
AR R SAF A A & W S A 2]

Algorithm 1 Veri-SPN

1: Find some topological ordering Q, ,-++,Q,, of nodes in SPN

2. For all nodes Q, initialize a;, =[ a;, ,a;,,***,a;, 1 =[0,0,--+,0] ,a,
e[0,1]

3:fork = 1:mdo

4: b0

5 if O, is a leaf node then

6: ifX; € s¢(Q,),i = 1:nthen

7 a1

8 end if

9. endif

10: if Q, is a product node then
11, ifQ;, € ch(Q,),i = l:kthen

12. ifa[/ = 1,7 = l:nthen
13; ifa; = 1 then

14, abort

15, else

16 ay—a;

17. end if

18, end if

19. end if

20: end if

21; if ; is a sum node then

22; if Q; € ¢ch(Q,),i = 1:kthen
23, if b = Othen

24, aj<a;,j=1:n,b—l1
25. else

26 ifa,ij?ﬁa,-j,j = 1:n then
27. abort

28. end if

29. end if

30. end if

31. end if

32. end for

SR HE AN 2 A R0, WA Ok B i
product 25 S AYTHE AN O(n x m*)

M5 Q, N sum &5 A, TFERE Q, T
Z LRSS ML /D Y Q,,0, € ¢h(Q,) ,5¢(Q))
=sc( Q) HEIIEHE M RIR 725 S D
AEQ, Wt Z 5B Q, BT 458
ML S Q, ML H, 2 BRI S AN 2 58
e FEMA A R0, LA 1, BT A 1) sum
5T E AR O(n xm?) .

AR 28 2 58 45 1 HLJZ ] 43R 1, W3z
R &5 AR BRI 1 AT LAE B A
LRI RUE

il BT A N O(n xm?) . O

M T HATEAETET m 5 n CREEN,
m WAL AT LR n 09 22 300 0 L, dmT D
n WFSEGE R, WAGERTE  WFE 1 e S h
L R R R A, ISR RS 7E m A K
PGS B iSRRI,

PRI, A SCH Y 565 2 AN iEdai s it — 8 70
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HERRPE 4 BOR DO PR B B0 RCR 78 S 1Y JEEUIT
IFRCRTEGE
2.2 Induce-SPN &%

AR A M 4 0] B — 8 A U T
(induced tree) BYZ N, H &A= i 1978 [ 5 %
g FER PO 4% S22 R ] 1 R0 T %ok R R I 4% 1) A 2k
BAERL AT A—E ML S xd T AT IR, Bk
2 BT R BRI,

Algorithm 2 Induce-SPN

1:LetT = (Ty,,Ty) be a subgraph of S

2:Ty={Root(S)},T, =

3:while exist node Q, € Ty that ch(Q,) # ,ch(Q,) N T, =
& do

4. if Q, is a sum node then

5. choose exactly one child of ), in S randomly, put the node
in T, the responding edges in T’

6: endif

7: if Q, is a product node then

8. put all the children of @} in S in T in order, the responding
edges in T

9. end if

10: if Q, is a leaf node then

1. skip

12. end if

13.  kk+1

14 .end while

2.2 SPUES THEEZE R,
JEH, T a2 SRS S X R S Hh ks
W EE—FER

IERR T S MAREE A Root (S) )2 T Hi
45,

1) B SHIEEE h =2 B, 2 Root( S) 4 sum
g5, AR S5 55 5 AH AR 45 s iy BBl 2 — R Y, ik
SR, sc(S) =sc(T), #F Root(S) J& product 45 5.,
N Root(S) WAL F&5SETH, S=T,
A se(S) =sc(T),

2) MBS h=nif, sc(S)=sc(T), LAY
h=n+ 10,7 Root(S) & sum G55, A kT4
KOS SRS T 28 AR S SR Y —FF | [R] 3
F T, A sc(S)=sc(T), # Root(S) J& product
45 5, W Root (S) 5745 RN HWAE T Hp,
M sc(S) =sc(T),

Zi b, se(S) =se(T),

FFFER AT LIS 2, T iR 45 s i
FEl S50 LAY S s s iy R — R O

EE 2.3 AWML S JEAT S,
FEAE T WA R A3

IERR e, A S AR, TR A AL

B, BT THETA N sum 45535 WA —A~F 45
KL TEA TSR sum 45 550 BT A 45 A5 7 L o8
S, R T R RS, TR R
product £ i 5 H F 45 ¥R BT S by —4
product £ 55 M H A W F45 05, HF S 2 AL
1, WA 45 s B LR BRI SE Y T T
AERGERR, T2 S TR, TR S THE
WEB/NTETAE S hgyaE |, B 76 T Tl
T4 STE K TH 2 AN AHAS 1Y, 15 A2 7T 43 i 1 2L
RKOFTLL, THREARAY,

5 S ST MAEAE product %5 55, Q,,
HA25 S s A 2B, e B 2.2, T h &
ANGE ST 5 X RS He 4 N R T R R — R
My, P TRSE N Q,, WM TaEQ, ih+
g B T Q T4 mUYu R A 5C 4R, T
AL o O

EIE 2.4 S AREEN, WAL T A
AR

ERR S ARSERE, WAFTEZS A Q,.0,
HIFE WAL S Q,0 R sum 455 H sc(Q,) #
se(Q)o MITT RS sum 25 08 HEHE— 2k,
M Q, .0, Azt BAERl—A> T WAFTE T,.T,
St (0,0 54 (0,0,

HIT sc(Q,) # sc(Q;), L& mpEEE T
SEATHEIRIRE T QTET, TP S QTR T, T RIE
B —FE SRR E R 2.2, T, 5 T, G2 —
FERY (X5 S MR , TIAR 38 A= R i A B B0 )
T, 5T 2V0H— IR, O]

EIE 2.5 AWML S ANEARA, WA
H2 B/ 1) BIERIED] S Bk,

IERR A TEN R E O, BRI M 2% S 2
BRI ERE ER T L 58 A PR T A b
THE D e — el b Z S s O, 25 L
A1 S SE AR I, WIAETE T 32 A A] 4 1), [al
A S AR, WAFTE T A A Sy, i
TS A AR T KON (11 1) 340
FERL2.2.2.3.2.4, %2 ZDLL1/£,(101) B9HE
AR S BJERL, O]

B3k 2 W AN 0 1) 7 g A
sum 285 5 HaEHE— 4500, TR sum 45 05 % #2080
BAAETF T sum 45580 H , T product 45 511
FL5 SR sum G555, T T P sum &5 580 H S5
T product &5 HIEFE N ESF X T A product
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G500, HA 25 S AR A, PRI 45 55 8K
INTFEETF n, BT sum 455025 product £ 55228
BB, T product 25 5 EE BUS AN T 46T
n+n+n+ 4 Jh NS E’\J%E,ﬁ'ﬁ%ﬁ%
2HRTREZRE R O(n') . R AR A A
TR gk 2 B e

g PR R EAR R (R 1 FTR) .

x1 BIEEER

Table 1 Comparison between the two algorithms

Veri-SPN Induce-SPN
HWHERE  O(nxm?) O(nl"")
e AR R AR I A DARE R
EAERE B &KL
HEE BR BUN
EHAYE SRR )

3 —FETEFEFNFR LR A B REAS
HH 77k
IR T B R T SR 2 T i

H LR, B S HIAR Root(S) 57N sum 4555
N 7 R4 & AP B —ANF45 55, 8 product 485 5 0]
HTA T45 5906 T op LA, B A — 4G
SELETE T, Zhao 55 P13 S vh T AR 7 1Y
MG 25 454, I Hoae /T 2007 o v g S v
sum ZE UL IR 7o = Q(2") b R S TIRIE,
SR, A SCER BN BT B Ry b 1) B 7 BRL5 F0 1) AN R
I TAEC 27 BN AR R h O RIAR L
AT AR RO T 277, BT A5 5 A
%, 7o = 0227,

TR RBRT R — B, 5 Root(S) K
sum %5 1 ( product 45 s fEHLIERL, AT LAZEHE) 1% S
i sum 455525 product 455 )28 ML, I H A
ANEE S5 A5 ECR 2 (LA Ik ) 5 167 BRL 1Y) A4 3
S), LT R ARG 8 N, T b, i 03
B < h), jARERALEN AW, niE 2
(a), b, MIEACFRLAZE AN, R HREE 5 1 I 4%
S; T T,

(b) WG 5 R,

(o) IR A,

B2 FMAMEEEMNIEHAESR

Fig.2 Calculation steps for the number of generation trees in SPN
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HI T S RXARE AR B EL (N, ,Ny)
T (T AE) HR AT ATEAL &3 ( Ny, Ny B T
(ERK ) Fo 2 — Z k%0, Hh T T M, A~
FHAE TR (N, N, ) (N Ny,) o W
by =byy,by =20 by 0 WK 2(b) LA N, R
S5 SR THEUR AL LA N,y ARSI 4%
Sy, T TR )

T N, /& product &5 &5, KT ( N, ,N,,),
( Ny Np) B ETE S, TREE T, K
by, = by, * by,, BT S, RUXFARESY, 432 b,
=by,,b,, =bs, o B, AE 2(c) , LA N, R4S
SR TR R U A LA N, S AR 4 T N 4
Sy W T YRR

HIT Ny, J& sum 25 58, FRIRAF ] b, = 2 -
by o

£ b # 3 by =2 byinysby s :b§k+l,10
o4 SR TR —A W b, , = 1,

Wl = byy=2-b,,=2 'b§,1

=2 -(21)4,])2

=2 2%,
22
= 2.2

A5 h A
Ts = b1,1
=02 .2 . 0?2,
_ 22°+2‘+22+--~+2(’“
A7 h %
Ts = bl,l
L LU, E ...22”21)}2;’?2

_ 22()+21+22+m+2h/2 _ 22(h+2)/2_l

1 . 2(/1—3)/2 1)72

bz(h—
h,1
3)/2 (h=1)72
2 -1
=2

’

h/2

%L’TS:Q(Q’Z )o
4 A%

15N ZA

FIRR R 286 1T L 5] 335 Ml 2 7 25 Pl s 2 o0 A, I
PR IR RE Sy, HERE R P, BT iz T Rip
St o BERTFIRL R 2% A 1A ZR b A R B I 1)
RO, T A A RURR O 45 F PN R AS R I 5, 45t SR
FIRR 25 A 25 e B PN B30k e G T 5, O 1
i 7 BEUE A PR IE B IE R I . b4 H— o Y
TR 265 o A s AR 0 1

W L A EIRER O(n xm*), 5

P 28 235 5 BRI AR S0 S BRI R R 45 fig
DTS D SO0 AT B R s AT M . A 2 1Y
WRE N O(nM) | 510 46 i B A BN 4K
Ui PSIN= v s AN <ol R 2 b o e
255N Z IR IRAE S PR b A T 3

BLE A AR N 28 R R 2 A8 i 5 1t 22 0
IR AR 2%, FIAR 0 2% 14 17 HT 2 22 AR A
TEME AR B TY PR HE SR v | e 8 8 15 TR 38 o 28 0 4%
— A TIZ BIRE , (ERIER R 25 04 B 1A R AT
SERE, BN, AR 25 g MAP HE PR 52 201, 27
= AR 265 14 1o 7 o T )9 8 PR RSO T A7 56
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