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Abstract In this paper, we give a novel proof for the following equality
limo"d (a) =lima’d (o) = 0

+
a—0

forfe L'"(X,u) withO <p < o ,and0 < ¢ < ®. We also prove that the function &” can not be

improved for some sense. When ¢ = o« , the above equality does not hold.
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lima’d () =lima’d (a) =0

+
a—0

Hbfe (X)), #FEAHO<p <o M0 <qg< o, MiITWHERS EEREXLTARE
B, FAH, Y g=0 B, UEEXELR—ERILH,
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Let f be a measurable function on a measure
space (X,u) and0 < p < ® ,0 < g < . Define

1w L et
(] e T g <,
IS0 o = 1
su%)adf(a)”, ifg= o,

(1)

where d (a) =pix: | f(x) | > a} is the distribution
function of f. The set of all f with | f1 ,, < o is
denoted by L"*(X,u) and is called the Lorentz
space with indices p and gq.
There are many simple properties of Lorentz
space. For O<p<o , we have that
(X, w) =L (X, p),
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and
LE (X, p) = WLN(X, ).
ForO <p < ® and 0 < ¢ < r =< o, there exists a

constant ¢ such that

P.q,r

LA o S ey 10
More properties of Lorentz space can be found in
Refs. [ 1-4].
The limiting property of distribution functions of
L’ functions has been proved in Ref. [5] for 1<p<
. That is, whenf € L""(R "), we have that
lima"d (a) = 0. (2)

a—0*
However, for f € L'(R"), we know that Mf e

L"(R"), where M is the maximal operator. In

Ref. [6], P. Janakiraman has proved that
limady (@) = /] oo

a—0

This means that the limiting equality of distribution
functions does not hold for L' function.

It is well-known that the following inclusion
relation

IR LR E L7 (R

holds for O<p<g<eo .

It is worth investigating the limiting property of
distribution functions of f € L™(X,w).

1 Main results and proof

Now we formulate our main theorem.
Theorem 1.1

measure on some o —algebra in set X. For f €

Let  be a o —finite positive

L(X,w) with O<p,g<o , denote the distribution
functions of f as

d(a): =pu(i{x e X: | flx) | > al).
Then we have

lim &’d(a) =lim &’d () = 0. (3)

+
a—0

Proof First, we prove that
limsup a’)df(a) =0.
a—0"
If the conclusion does not hold, then we conclude
that
limsup o’d (@) = C, > 0,

a—0
or
1 P —
hm?}p a'd(a) = o.
s

Thus there exist a positive sequence {x,}*_, and a

positive number C such that

limx, =0,

and
x’,'ldf(x”) = C,
for n € N. Obviously, there exists a strictly
decreasing subsequence, still denoted as {x, | .
Since d, is a decreasing function, it follows that
% 1
11 = a7 %

o

=p[ ard @) da

Xy B a9 ®© B 9
:pfo of 1df(oz)”doz +pjx]aq ldf(oz)"doz

JX" a"fld/( a) ’%da
J

P+l

q
a"'ldj(xn) "do

X
0
P+l

=p2
n=1
=p2
n=1

* 4
=% (et w0, ) d ()7
qn=1 ’

¢ < )’
)
q n=1 X,

Setting A, = («,,,/x,)" € (0,1), the basic

principle of mathematics analysis tells us that the

infinite product I I A, converges to a nonzero number

if and only if z (1 = A,) converges. However we

deduce that

It implies from (4) that

L0 = 0.
This leads to contradiction.

Next, we prove
liarisilp a"d(a)=0.

Similarly, if the upper limit is a positive number or
o , there exist a positive number C and a strictly
increasing sequence {x,} ”_,
such that

limx,l =
and

whd(x,) = C.

Therefore, we conclude that
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L G :pf:(adf.(aﬁ)q %a
=) 0 o' d,(a) " da
= pf w0 e oyt e
ij {'_ld_/-(a)%da
ij o' d(x,.,) " da
SNE

4
Xy x?[)df(xywl )’

S o

q =1 Xn+1
Note that the infinite product H (x,/x,,,)" diverges
to 0. Fora > 0, o’d(a) = 0 implies
litlniicnfa”d/-(a) =0
That leads to (3). O

Now, we begin to prove that the function &’ in
(2) can not be improved. For this purpose, we first
give the following lemma which characterize the
special property of some function.

Lemma 1.1 Letg:(0, + ©) — [0, + »)
be a right-continuous non-increasing function. Then
there exists a function f;:R" — [0, + o ] such that
d(a)=g(a) foranya € (0, + o).

Proof Let

fo =] x

0

1 (w)du, (6)

l))n)

B0,
where v, = m(B(0,1)) and B(x,r) denotes a ball
with the center at x and the radius r.

Then we merely need to prove that

{x: flx) > af ={x; x| < (M)i} (7)

v

n

holds, for any @ € (0, + o ).

s (5

n

Assume

Note that g is a non-increasing function. We

conclude from definition of fin (6) that

; (x)du+JX 1 (x)du
B0, (£2) ) - (gw) o

=[x

:fa)(

0

1 (x)du
)"

Sa. (8)
Thus the inequality (8) implies that the set of the

B(0, (f:(u>

left hand of (7) is contained in the right hand.

|x|<(g(va))l

n

Assume

Note that g is a right-continuous function. Then

there exists @’ > « such that
1

x| <(g<"">)7

v

n

Then we conclude that

f<x>—f)( %(x)du+f°/\/

O po, (““U ) @ po, (B

1 (x)du

ﬁ(tt) ")

v
= f X 1 (x)du
0 o,

=a' > a

This means that

Lo f(x) > al 2 fas ol < (g(“))i;.

v

In a word, (7) holds. ]
As an application of Lemma 1.2, we prove that
the function & can not be improved for some sense.
Theorem 1.2  Suppose 0 < p,q < o. For

any nonnegative function h satisfying
limh(a) = o, (9)
a0
there exists a function fe L"'(R ") such that
llmsup a'h(a)d(a)=oo.

a—0*

Proof Ifx, > 0 and x, — 0, by (9), then

there exists a strictly decreasing positive

still denoted by {x,|;_,, such that
h(a,) =4

subsequence,

and

. -1/p -1
%y, < min{277" 27«

fork e N ande, € [27'%,,x,).
Define a functiong:(0, + o ) > [0, + © ) as
1

2l ifx,,, <o <z,
gla) = (10)
0, ifa=x,.
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By Lemma 1.1, there exists a function f;R" —
[0, + o ] such that d(a) = g(a) for any a €
(0, + © ). And we have from the definition of g in

(10) that
||f|| Z/l,q =PJ'O O(q_ld/(a)q/ﬁda

13-

This implies f € L"(R").

On the other hand, it follows that

P

’h d = X 4k 1 = 9k=p

o h(e,) /'(ak) = ? gt = .
k

Consequently, we obtain

hmsupa‘h(a)d(a)—w ]

a—0*

Remark In the fact, we can also prove that,
for any h satisfying
limh(a) = o

a—ro

there exists a function f € L"(R ") such that

limsup h(a)d(a) = o |
where 0<p,q<o. The case can be proved similarly
so we omit the details.

Theorem 1. 2 tells us that the function @’ in (3)
can not be improved. For h(a) =l loga | * where s>
0, we have some more explicit conclusions.

Corollary 1.1 Suppose s is a positive
constant and 0<p,q<o . If s>p/q, then there exists
a function fe L"(R ") such that

lim o | loga I'd (@) = o ;

a—0"
if0 < s <p/q, then for any f € L""(R "), we have
hmmfozl llogal’d(a) = 0. (11)
a0
Proof First, we assume thats > p/q. Let g:
(0, + ) — [0, + o) be defined by
1

g(a) :X(O,a)(a)

1 9’
| ZCH)

o | log a
where a is a sufficiently small positive constant such
that g( @) is non-increasing.

By Lemma 1. 1, there exists a function f; R " —

[0, + o ] such that d(a) = g(a) for any a €

[FNE= 2 1 %40 5
(0, + o).
In fact, we can choose the function f as in

(6). It implies from simple calculation that

felM(RY)
and
L}iron o |loga I'd(a) = .
Next, we assume that 0 < s < p/q. If the limit in

(11) does not hold, then there exists a function f €
L(R ") satisfying
hmlnfa’ logal'd(a)=C, >0,

a—0*

or

liminf o’ | log a I’d () = 0.

a—0"

Thus there exists constants C > 0 and O<a<1, such
that for a<a,
o llogal'd(a) = C

Observe that 0 < s < p/q. We have that

] L
A1, = ph<mmay>mg

a Lo, da
= (i PyT
ﬁ}aﬁa)) .

/pf( ( |10ga| ))(f

1
q/p
p C j sq/p

oallogal
= o0,

This leads to a contradiction with f € L"*(R"). [
Remark By Corollary 1.1, we know that upper

limit can not be replaced into limit in Theorem 1. 2.
The following corollary tells us the limiting

property does not hold for L”* function.

Corollary 1.2 let O<p<ow. For a fixed
constant C>0, there exists a function fe L"* (R ")
such that

lim &’d () —hrn a'd(a) =

a0

Proof Letg: (0, + ) — [0, + =) be
defined by

g(a)=£p-
[0

By Lemma 1.1, there exists a function f;: R" —
[0,+20 | such that d (o) =
We can easily obtain that

fe ™ (RY)

g(a) for any a e (0,40 ).
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