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Abstract　 In
 

this
 

paper,
 

we
 

give
 

a
 

novel
 

proof
 

for
 

the
 

following
 

equality
lim
α→0 +

αpdf(α) = lim
α→∞

αpdf(α) = 0

for
 

f ∈ Lp,q(X,μ)
 

with
 

0 < p < ∞ ,
 

and
 

0 < q < ∞ .
 

We
 

also
 

prove
 

that
 

the
 

function
 

αp
 

can
 

not
 

be
 

improved
 

for
 

some
 

sense.
 

When
 

q = ∞ ,
 

the
 

above
 

equality
 

does
 

not
 

hold.
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洛伦兹空间上的分布函数的极限性质
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摘　 要　 用一个新颖的方法证明以下等式:
lim
α→0 +

αpdf(α) =lim
α→∞

αpdf(α) = 0

其中 f ∈ Lp,q(X,μ), 并且有 0 < p < ∞ 和 0 < q < ∞ 。 也证明函数 αp 在某种意义下不能再

提升。 特别地,当 q = ∞ 时,以上等式是不一定成立的。
 

关键词　 极限行为;分布函数;洛伦兹空间

　 　 Let
 

f
 

be
 

a
 

measurable
 

function
 

on
 

a
 

measure
 

space
 

(X,μ)
 

and
 

0 < p < ∞ ,0 < q ≤ ∞ .
 

Define

‖f‖Lp,q
=

p
1
q (∫∞

0
(df(α)

1
p α)q dα

α
)

1
q , if

 

q < ∞ ,

sup
α > 0

α df(α)
1
p , if

 

q = ∞ ,

ì

î

í

ï
ï

ï
ï

(1)

where
 

df(α) = μ{x: | f(x) | > α}
 

is
 

the
 

distribution
 

function
 

of
 

f.
 

The
 

set
 

of
 

all
 

f
 

with
 

| f | Lp,q < ∞
 

is
 

denoted
 

by
 

Lp,q(X,μ)
 

and
 

is
 

called
 

the
 

Lorentz
 

space
 

with
 

indices
 

p
 

and
 

q.
There

 

are
 

many
 

simple
 

properties
 

of
 

Lorentz
 

space.
 

For
 

0<p<∞ ,
 

we
 

have
 

that
Lp,p(X,

 

μ) = Lp(X,
 

μ),
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and
Lp,∞ (X,

 

μ) = WLp(X,
 

μ) .
For

 

0 < p < ∞
 

and
 

0 < q < r ≤ ∞ ,
 

there
 

exists
 

a
 

constant
 

cp,q,r
 such

 

that
‖f‖Lp,r ≤ cp,q,r‖f‖Lp,q .

More
 

properties
 

of
 

Lorentz
 

space
 

can
 

be
 

found
 

in
 

Refs. [1-4].
The

 

limiting
 

property
 

of
 

distribution
 

functions
 

of
 

Lp
 

functions
 

has
 

been
 

proved
 

in
 

Ref. [5]
 

for
 

1≤p<
∞ .

 

That
 

is,
 

when
 

f ∈ Lp,p(ℝ n),
 

we
 

have
 

that
lim
α→0 +

αpdf(α) = 0. (2)

However,
 

for
 

f ∈ L1(ℝ n),
 

we
 

know
 

that
 

Mf ∈
L1,∞ (ℝ n),

 

where
 

M
 

is
 

the
 

maximal
 

operator.
 

In
 

Ref. [6],
 

P.
 

Janakiraman
 

has
 

proved
 

that
lim
α→0 +

αdMf(α) = ‖f‖L1(ℝ n) .

This
 

means
 

that
 

the
 

limiting
 

equality
 

of
 

distribution
 

functions
 

does
 

not
 

hold
 

for
 

L1,∞
 

function.
It

 

is
 

well-known
 

that
 

the
 

following
 

inclusion
 

relation
Lp,p(ℝ n) ⫋ Lp,q(ℝ n) ⫋ Lp,∞ (ℝ n)

holds
 

for
 

0<p<q<∞ .
It

 

is
 

worth
 

investigating
 

the
 

limiting
 

property
 

of
 

distribution
 

functions
 

of
 

f ∈ Lp,q(X,μ) .

1　 Main
 

results
 

and
 

proof
　 　 Now

 

we
 

formulate
 

our
 

main
 

theorem.
Theorem

 

1. 1 　 Let
 

μ
 

be
 

a
 

σ - finite
 

positive
 

measure
 

on
 

some
 

σ - algebra
 

in
 

set
 

X.
 

For
 

f ∈
Lp,q(X,μ)

 

with
 

0 <p,q<∞ ,
 

denote
 

the
 

distribution
 

functions
 

of
 

f
 

as
df(α): = μ({x ∈ X: | f(x) | > α}) .

Then
 

we
 

have
lim
α→0 +

αpdf(α) = lim
α→∞

αpdf(α) = 0. (3)

　 　 Proof　 First,
 

we
 

prove
 

that
limsup

α→0 +
αpdf(α) = 0.

If
 

the
 

conclusion
 

does
 

not
 

hold,
 

then
 

we
 

conclude
 

that
limsup

α→0 +
αpdf(α) = C0 > 0,

or
limsup

α→0 +
αpdf(α) = ∞ .

Thus
 

there
 

exist
 

a
 

positive
 

sequence
 

{xn} ∞
n = 1

 and
 

a
 

positive
 

number
 

C
 

such
 

that

lim
n→∞

xn = 0,

and
xp
ndf(xn) ≥ C,

for
 

n ∈ ℕ .
 

Obviously,
 

there
 

exists
 

a
 

strictly
 

decreasing
 

subsequence,
 

still
 

denoted
 

as
 

{xn}.
Since

 

df
 is

 

a
 

decreasing
 

function,
 

it
 

follows
 

that

‖f‖q
Lp,q = p∫∞

0
(αdf(α)

1
p ) q dα

α

= p∫∞

0
αq-1df(α)

q
p dα

= p∫x1

0
αq-1df(α)

q
p dα + p∫∞

x1

αq-1df(α)
q
p dα

≥ p∑
∞

n = 1
∫xn

xn+1

αq-1df(α)
q
p dα

≥ p∑
∞

n = 1
∫xn

xn+1

αq-1df(xn)
q
p dα

= p
q ∑

∞

n = 1
(xq

n - xq
n+1)df(xn)

q
p

≥ pC
q
p

q ∑
∞

n = 1
1 -

xn+1

xn
( )

q

( ) . (4)

Setting
 

λn = (xn+1 / xn) q ∈ (0,1),
 

the
 

basic
 

principle
 

of
 

mathematics
 

analysis
 

tells
 

us
 

that
 

the
 

infinite
 

product
 ∏λn

 converges
 

to
 

a
 

nonzero
 

number
 

if
 

and
 

only
 

if
 ∑(1 - λn)

 

converges.
 

However
 

we
 

deduce
 

that

∏
∞

n = 1
λn = lim

N→∞
∏
N

n = 1
λn = lim

N→∞
∏
N

n = 1

xn+1

xn
( )

q

= lim
N→∞

xN+1

x1
( )

q

= 0.

It
 

implies
 

from
 

(4)
 

that
‖f‖Lp,q = ∞ .

This
 

leads
 

to
 

contradiction.
Next,

 

we
 

prove
limsup

α→∞
αpdf(α) = 0.

Similarly,
 

if
 

the
 

upper
 

limit
 

is
 

a
 

positive
 

number
 

or
 

∞ ,
 

there
 

exist
 

a
 

positive
 

number
 

C
 

and
 

a
 

strictly
 

increasing
 

sequence
 

{xn} ∞
n = 1

such
 

that
lim
n→∞

xn = ∞

and
xp
ndf(xn) ≥ C.

Therefore,
 

we
 

conclude
 

that

2
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‖f‖q
Lp,q = p∫∞

0
(αdf(α)

1
p ) q dα

α

= p∫∞

0
αq-1df(α)

q
p dα

= p∫x1

0
αq-1df(α)

q
p dα + p∫∞

x1

αq-1df(α)
q
p dα

≥ p∑
∞

n = 1
∫xn+1

xn
αq-1df(α)

q
p dα

≥ p∑
∞

n = 1
∫xn+1

xn
αq-1df(xn+1)

q
p dα

= p
q ∑

∞

n = 1
(xq

n+1 - xq
n)df(xn+1)

q
p

≥ pCq / p

q ∑
∞

n = 1
1 -

xn

xn+1
( )

q

( ) . (5)

Note
 

that
 

the
 

infinite
 

product
 ∏(xn / xn+1) q

 

diverges
 

to
 

0.
 

For
 

α > 0,
 

αpdf(α) ≥ 0
 

implies
liminf
α→∞

αpdf(α) ≥ 0.

That
 

leads
 

to
 

(3). □
Now,

 

we
 

begin
 

to
 

prove
 

that
 

the
 

function
 

αp
 

in
 

(2)
 

can
 

not
 

be
 

improved.
 

For
 

this
 

purpose,
 

we
 

first
 

give
 

the
 

following
 

lemma
 

which
 

characterize
 

the
 

special
 

property
 

of
 

some
 

function.
Lemma

 

1. 1　 Let
 

g:(0, + ∞ ) → [0, + ∞ )
 

be
 

a
 

right-continuous
 

non-increasing
 

function.
 

Then
 

there
 

exists
 

a
 

function
 

f:ℝ n → [0, + ∞ ]
 

such
 

that
 

df(α) = g(α)
 

for
 

any
 

α ∈ (0, + ∞ ) .
Proof　 Let

f(x) = ∫∞

0
χ
B(0,(g(u)

vn
)

1
n )

(x)du, (6)

where
 

vn = m(B(0,1))
 

and
 

B(x,r)
 

denotes
 

a
 

ball
 

with
 

the
 

center
 

at
 

x
 

and
 

the
 

radius
 

r.
Then

 

we
 

merely
 

need
 

to
 

prove
 

that

{x:
 

f(x) > α} = x: | x | < g(α)
vn( )

1
n

{ } (7)

holds,
 

for
 

any
 

α ∈ (0, + ∞ ) .
Assume

| x | ≥ g(α)
vn( )

1
n

.

Note
 

that
 

g
 

is
 

a
 

non-increasing
 

function.
 

We
 

conclude
 

from
 

definition
 

of
 

f
 

in
 

(6)
 

that

f(x) = ∫α

0
χ
B(0,(g(u)

vn
)

1
n )

(x)du + ∫∞

α
χ
B(0,(g(u)

vn
)

1
n )

(x)du

= ∫α

0
χ
B(0,(g(u)

vn
)

1
n )

(x)du

≤ α . (8)
Thus

 

the
 

inequality
 

(8)
 

implies
 

that
 

the
 

set
 

of
 

the
 

left
 

hand
 

of
 

(7)
 

is
 

contained
 

in
 

the
 

right
 

hand.
Assume

| x | < g(α)
vn( )

1
n

.

Note
 

that
 

g
 

is
 

a
 

right-continuous
 

function.
 

Then
 

there
 

exists
 

α′ > α
 

such
 

that

| x | < g(α′)
vn( )

1
n

.

Then
 

we
 

conclude
 

that

f(x) = ∫α′

0
χ
B(0,(g(u)

vn
)

1
n )

(x)du + ∫∞

α′
χ
B(0,(g(u)

vn
)

1
n )

(x)du

≥ ∫α′

0
χ
B(0,(g(u)

vn
)

1
n )

(x)du

= α′ > α.
This

 

means
 

that

{x:
 

f(x) > α} ⫆ {x: | x | < g(α)
vn( )

1
n

} .

In
 

a
 

word,
 

(7)
 

holds. □
As

 

an
 

application
 

of
 

Lemma
 

1. 2,
 

we
 

prove
 

that
 

the
 

function
 

αp
 

can
 

not
 

be
 

improved
 

for
 

some
 

sense.
Theorem

 

1. 2 　 Suppose
 

0 < p,q < ∞ .
 

For
 

any
 

nonnegative
 

function
 

h
 

satisfying
lim
α→0 +

h(α) = ∞ , (9)

there
 

exists
 

a
 

function
 

f∈Lp,q(ℝ n)
 

such
 

that
limsup

α→0 +
αph(α)df(α) = ∞ .

　 　 Proof　 If
 

xk > 0
 

and
 

xk → 0,
 

by
 

(9),
 

then
 

there
 

exists
 

a
 

strictly
 

decreasing
 

positive
 

subsequence,
 

still
 

denoted
 

by
 

{xk} ∞
k = 1,

 

such
 

that
h(αk) ≥ 4k

and
xk+1 < min{2 -1 / p,2 -1}xk,

for
 

k ∈ ℕ
 

and
 

αk ∈ [2 -1xk,xk) .
Define

 

a
 

function
 

g:(0, + ∞ ) → [0, + ∞ )
 

as

g(α) =
1

2kxp
k

, if
 

xk+1 ≤ α < xk,

0, if
 

α ≥ x1 .

ì

î

í

ï
ï

ïï

(10)

3
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By
 

Lemma
 

1. 1,
 

there
 

exists
 

a
 

function
 

f:ℝ n →
[0, + ∞ ]

 

such
 

that
 

df(α) = g(α)
 

for
 

any
 

α ∈
(0, + ∞ ) .

 

And
 

we
 

have
 

from
 

the
 

definition
 

of
 

g
 

in
 

(10)
 

that

　 ‖f‖q
Lp,q = p∫∞

0
αq-1df(α) q / pdα

= p∑
∞

k = 1
∫xk

xk+1

αq-1df(α) q / pdα

= p
q ∑

∞

k = 1
1 -

xk+1

xk
( )

q

( ) 2
- qk
p

≤ p
q ∑

∞

k = 1
2

- qk
p < ∞ .

This
 

implies
 

f ∈ Lp,q(ℝ n) .
On

 

the
 

other
 

hand,
 

it
 

follows
 

that

αp
kh(αk)df(αk) ≥

xk

2( )
p

4k 1
2kxp

k

= 2k-p .

Consequently,
 

we
 

obtain
limsup

α→0 +
αph(α)df(α) = ∞ . □

Remark　 In
 

the
 

fact,
 

we
 

can
 

also
 

prove
 

that,
 

for
 

any
 

h
 

satisfying
lim
α→∞

h(α) = ∞ ,

there
 

exists
 

a
 

function
 

f ∈ Lp,q(ℝ n)
 

such
 

that
limsup

α→∞
αph(α)df(α) = ∞ ,

where
 

0<p,q<∞ .
 

The
 

case
 

can
 

be
 

proved
 

similarly
 

so
 

we
 

omit
 

the
 

details.
Theorem

 

1. 2
 

tells
 

us
 

that
 

the
 

function
 

αp
 

in
 

(3)
 

can
 

not
 

be
 

improved.
 

For
 

h(α) =| logα | s
 

where
 

s>
0,

 

we
 

have
 

some
 

more
 

explicit
 

conclusions.
Corollary

 

1. 1 　 Suppose
 

s
 

is
 

a
 

positive
 

constant
 

and
 

0<p,q<∞ .
 

If
 

s>p / q,
 

then
 

there
 

exists
 

a
 

function
 

f∈Lp,q(ℝ n)
 

such
 

that
lim
α→0 +

αp | logα | sdf(α) = ∞ ;

if
 

0 < s ≤ p / q,
 

then
 

for
 

any
 

f ∈ Lp,q(ℝ n),
 

we
 

have
liminf
α→0 +

αp | log α | sdf(α) = 0. (11)

　 　 Proof　 First,
 

we
 

assume
 

that
 

s > p / q.
 

Let
 

g:
(0, + ∞ ) → [0, + ∞ )

 

be
 

defined
 

by

g(α) = χ
(0,a)(α) 1

αp | log α |
1
2 ( s+p / q)

,

where
 

a
 

is
 

a
 

sufficiently
 

small
 

positive
 

constant
 

such
 

that
 

g(α)
 

is
 

non-increasing.
By

 

Lemma
 

1. 1,
 

there
 

exists
 

a
 

function
 

f:ℝ n →
[0, + ∞ ]

 

such
 

that
 

df(α) = g(α)
 

for
 

any
 

α ∈

(0, + ∞ ) .
In

 

fact,
 

we
 

can
 

choose
 

the
 

function
 

f
 

as
 

in
 

(6).
 

It
 

implies
 

from
 

simple
 

calculation
 

that
f ∈ Lp,q(ℝ n)

and
lim
α→0 +

αp | logα | sdf(α) = ∞ .

Next,
 

we
 

assume
 

that
 

0 < s ≤ p / q.
 

If
 

the
 

limit
 

in
 

(11)
 

does
 

not
 

hold,
 

then
 

there
 

exists
 

a
 

function
 

f ∈
Lp,q(ℝ n)

 

satisfying
liminf
α→0 +

αp | log α | sdf(α) = C0 > 0,

or
liminf
α→0 +

αp | log α | sdf(α) = ∞ .

Thus
 

there
 

exists
 

constants
 

C > 0
 

and
 

0<a<1,
 

such
 

that
 

for
 

α<a,
αp | log α | sdf(α) ≥ C.

Observe
 

that
 

0 < s ≤ p / q.
 

We
 

have
 

that

‖f‖q
Lp,q = p∫∞

0
(αdf(α)

1
p ) q dα

α

≥ p∫a

0
(αdf(α)

1
p ) q dα

α

≥ p∫a

0
α

C
αp | log α | s( )

1
p

( )
q dα
α

= pCq / p∫a

0

1
α | log α | sq / pdα

= ∞ .
This

 

leads
 

to
 

a
 

contradiction
 

with
 

f ∈ Lp,q(ℝ n). □
Remark　 By

 

Corollary
 

1. 1,
 

we
 

know
 

that
 

upper
 

limit
 

can
 

not
 

be
 

replaced
 

into
 

limit
 

in
 

Theorem
 

1. 2.
The

 

following
 

corollary
 

tells
 

us
 

the
 

limiting
 

property
 

does
 

not
 

hold
 

for
 

Lp,∞
 

function.
Corollary

 

1. 2 　 Let
 

0 < p < ∞ .
 

For
 

a
 

fixed
 

constant
 

C>0,
 

there
 

exists
 

a
 

function
 

f∈Lp,∞ (ℝ n)
 

such
 

that
lim
α→0 +

αpdf(α) = lim
α→∞

αpdf(α) = C.

　 　 Proof 　 Let
 

g: (0, + ∞ ) → [0, + ∞ )
 

be
 

defined
 

by

g(α) = C
αp .

By
 

Lemma
 

1. 1,
 

there
 

exists
 

a
 

function
 

f: ℝ n →
[0,+∞]

 

such
 

that
 

df(α)= g(α)
 

for
 

any
 

α∈(0,+∞).
We

 

can
 

easily
 

obtain
 

that
f ∈ Lp,∞ (ℝ n)

4
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and
lim
α→0 +

αpdf(α) = lim
α→∞

αpdf(α) = C. □
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