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Abstract

Journal of University of

We present a construction of the complex Grassmannian G(2,n+2) as a quotient of some

minimal submanifold Q""" of HP"*" | then show that a surface in G(2,n+2) can be horizontally lifted

to Q""" if and only if it is totally real.
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The theory of minimal surfaces is an important
part of modern differential geometry. The theory is
particularly fruitful when the ambient space is a
symmetric space. Calabi''' proved a rigidity theorem
for minimal two-spheres of constant curvature in S".
Bolton et al. "*) constructed all the minimal two-
spheres of constant curvature in CP" , and showed
that a totally real minimal two-sphere in C P" can be
mapped, by a holomorphic isometry of C P" , into
RP"C CP". Then He and Wang"*

proved a
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similar rigidity result for totally real minimal two-
spheres in HP" .

In this paper, we present a construction of the
complex Grassmannian G(2,n+2) due to Berndt"* |
which considers G(2,n+2) as a quotient of some
minimal submanifold Q"*' of HP"*'. A Riemannian
metric can be given on G (2,n+2) so that the

n+l

projection w: Q""" — G(2,n + 2) is a Riemannian
submersion. Then we show that a surface in G(2,n

+2) can be horizontally lifted to Q"*"if and only if it

# Supported by the National Natural Science Foundation of China (11871450)

F Corresponding author, E-mail: xinjialin] 7@ mails. ucas. ac. cn



730 R R AR

938 %

is totally real.

Our result is a special case of Ref. [5], where
the author considered a general Riemannian
submersion N — B , and characterized the existence
of horizontal lifts of a submanifold of B using a family
Jof (1,1)-tensors on B. In our paper, we make
use of the fact that the projection Q""" — G(2,n +
2) is a bundle, thus

characterization by a first order PDE. Our method is

principal obtain a
largely inspired by Ref. [ 3], where the authors

. . . . An+3
considered the Riemannian submersion S™"° —

Hp" .
1 Preliminaries

We denote by H the algebra of quaternions.
This is a 4 —dimensional vector space over R with
basis {1,i,j,k}, and the multiplication is defined
by

P=iP=k"=-1,

ij=k=-ji,jk =1=-kj,ki=j=-ik.
Thus H is associative but not commutative. R and C
are naturally embedded into H as follows .

R=R-1CH, C=R-1®R -iCH,

and we sometimes express an element of H as g =z +
wj , wherez,w € C.

Conjugation is defined for quaternions

a+bi+c+dk=a-bi—cj-dk(a,b,c,d e R).
Or equivalently,

z+wj=z —wj(z,w e C).
Then we have]E =Gp , foranyp,q € H.
Let H" be the space of n-dimensional
quaternion column vectors. We consider it as a right
H-module. fp=(p,,-,p,) " ,q=(q,,++,q,)" €
H" , two inner products of p,q are defined

Pog)e = 2pa (P.@)e =Relp.g)

It is easily verified that () is just the usual
Euclidean inner product if H" is identified as R *",
and that the following properties hold

(Px,qy)w =%(P.q) Y,

<p’q>]HI :<qap>]HI’
wherep,q € H" ,x,y € H.

Slmllar1Y7 fOI‘Z = (ZI,"',Z")[,W = (wl"“9

w,)" € C", we define their inner products:
<Z,W>C = ZZ_]W], <z5w>[R( :Re<z9w>C'
1

We will often omit the subscripts C and H for
simplicity.

Next we consider the quaternion projective
space HP" , the set of quaternionic lines in H""'.
Equivalently, HP" =S"**/Sp(1) , where $*"is the
unit sphere in H""' = R*™  and Sp(1) , the
multiplicative group of unit quaternions, acts on
S$**by right multiplication. Since this is an
isometric action, there is a unique Riemannian
metric on HP" , called the Fubini-Study metric,
such that the quotient map 7:5"" — HP" is a
Riemannian submersion. For any ¢ € S"*°, let
H,be the horizontal space of 7 atq , i. e. the normal
space to the fibre 77'(7(q)) . Then H, = |q’ €

Hn+l |

(g,4)y = 0 . Let 7, = drq\,,q. By

assumption, 7,:H, — T, HP"is a linear isometry.

2 The submanifold Q"' C HP""';
the complex Grassmannian G ( 2,
n+2)

We quote some results from Ref. [4].

SU(n + 2) acts on S**7 C H"** isometrically
via

SU(n +2) x 7 5 g7

(A2 +v]) = Az + (Av)],
wherez,v € C ", with | z 1> +] v 1> = 1. This
action commutes with the Sp(1) -action on S**
defined in the last section, hence descends to an
isometric action on HP""'.

By some straightforward calculations, we find
that this SU(n + 2) —action on HP"*' has only two
singular orbits, namely,

CP*' ' ={r(z+0-j)lzeS", (1)
and
Q"' = 1r((1/V2)(z+vj)) Iz,
v e §*7 (z,v) =0}, (2)
where $*"*? is the unit sphere of C "*’.

We have the following proposition from Ref.

[4]:
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Proposition 2.1
SU(n + 2) —action on HP""'are CP""'and Q"""
Q""" has codimension 3 in HP"*' | and is isometric to
the homogeneous space SU(n + 2)/SU(2) X

SU(n) equipped with a suitable invariant metric.

The singular orbits of the

n+l

Furthermore, @ is a minimal submanifold of

HPHH.

Now consider an action of U(1) on Q

n+l

U(l) x Q"' — Q" (e",7(q)) = 7(e'q),

where t € R . Again this is an isometric action. A

vector field & on Q"*'is defined :

d it _i it
§T<q) —E 1=oe 7(q) = dr [=07'(e q)
=dr,(ig) = 7,(iq). (3)

1
Hereq :/\/E(Z +vj) € Tﬁl(Qn*»l) ’z’v € Szn+3’<z’

v) = 0. For the last equality, we note that (q,iq)
=0forg € 77'(Q"") ,i.e.,iq € H, . Thus £ is
the field of tangent vectors to the orbits of the
U(1) -action.

Let B""' = Q""'/U(1) . Since U(1) acts on
Q""" isometrically, there is a unique Riemannian
metric on B""'such that the natural projection 7 :
Q""" — B""'is a Riemannian submersion.

For 7(q) € Q"', let H,, be the orthogonal
complement of§_ inT, Q"*', i.e. the horizontal
space of the Riemannian submersion 7:Q""" —

n+1 —
B"". Then the map 7, = dm, ., ‘Hm,): Heqy —

T#(T(q))B"+l is a linear isometry. By Ref. [4], the

horizontal lift of #,, through 7; $**7 — HP""'is

7, M = 1 X e H? 1 (X,q) = (X,ig) = 0],
(4)

as X =

n+l

We define a (1,1) —tensor ¢ on

—ngf,X e TQ"", where Vomis the Riemannian
Using the O’ Neil formula for

. +1
connection on Q"""

Riemannian submersions ( see, for example,
Proposition 4.5.1 of Ref. [6]), it can be shown
that

0, X=£,
Tq(—i'Tq_l(X>), X e Hyp.
Since by definitionT’, "' =R - Ep @ Moy s

this completely determines ¢ . In particular, ¢( )

X = (5)

CH.

Finally, notice that ¢commutes with the U(1)
—action on Q"*'. In other words, if L ,denotes the
map Q""" — Q"' ,7(q) »7(e"q) , thendL, - ¢ =
¢ odL, for allt € R . Therefore, there exists a (1,
1) —tensor J on B" 'satisfying Jw, =7, ¢ . As ’X
=— Xfor all X € H, it follows that J is an almost
Hermitian structure on B"*'. Actually, as is proved
in Ref. [4], J turns out to be Kihler, and B""'is
holomorphically isometric to the complex Grass-
mannian

G(2,n+2)=U(n+2)/U(2) xU(n),
where the metric on G(2,n + 2) is induced by the

following bi-invariant metric on U(n + 2) .
1
(X,Y) =- Ztr(XY) (X, Y e u(n+2)).

Thus, for example, B’ is isometric to G(2,3) =CP?,
with the Fubini-Study metric of constant holomorphic
sectional curvature 8.

Remark The isometry between G (2,n+2)

and B""' can be explicitly given as

G(2,n +2) > B,
1
CCACvr=a(r(—(z+v)))),
5
wherez,v € C", 1 zI=lvI=1,(z,v)¢=0

3 The main theorem

Definition 3.1  Suppose N is a Hermitian
manifold, J is its complex structure, f:M — N is an
immersion from a surface M to N. Then f is called
totally real if J Im £, L Imf, forallp € M.

If we choose a local frame X,Y for M , then fis
totally real if and only if Jf, X L f,Y everywhere.
This follows easily from the Hermitian condition
(Ju,Jv) = {u,v),J” == 1, where (,) is the
Riemannian metric on N .

Now we can state our main result.

Theorem 3.1 Suppose M is a surface, . M
— B"' an immersion, then the following are
equivalent ;

1) i is totally real;

2) 4 has local horizontal lifts to Q"*', that is,
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for any p € M , there is a neighborhood U of p , and

n+1

an immersion 1:U— Q""" , such that e n =¢ , and
Imn CH.

Furthermore, 7 is minimal in Q""" if and only if ¢ is
minimal in B"*".

We prove the theorem step by step.

Step 1 Let U be an open subset of M,n.U —
Q""'an immersion, we shall find a sufficient and
necessary condition for 7 to be horizontal.

First, since 7:S"*"7 —HP""'is a submersion, 7

can be lifted to S**7, that is, there is an immersion

1
q =f(z + Vi) :U—7(Q"") C S""such that
2

n=t1oq, whereZ, V.U—~C"?, | ZI=I VI=1,
(Z,V) =0. Now
dn =drdgq
=dr(dg - ¢{q,dq)),

4n+7 -

so the horizontal lift of dn to S™"'is Tq_]dn =dq -

(6)

q{q,dq) , namely the orthogonal projection of dg
onto H, , the horizontal space of Tat¢q .

Recall from the last section that

1 is horizontal with respect to 7

oIm(dn) CH

&(7,'dn,q) = (r,'dn,iq) =0

=(dg - ¢g{q,dq) ,ig) =0

={dq,iq) = 0.
For the last equivalence note that ¢ € 77'(Q""")
implies (q,ig) = 0.

1 1
Write g =—(Z + Vj) ,dg=—(dZ +dV - j) .
J2 J2

Differentiating (V,V) =1,(Z,V) =0 gives
(dV,V) + (V. dV) =0,
(dZ,V) + (Z ,dV) = 0.
Then
(dq,ig) =0
<0=(dZ +dV - j,Zi + Vk)
=((dZ,Z) - (V,dV))i +
({(Z,dV) + (dZ,V))k
=({(dZ,Z) + {dV,V))i.

In summary, we have proved

1
Lemma 3.1 Suppose n =7(—(Z + Vj)) .
V2

U— Q""'is an immersion. Then 7 is horizontal with
respect to 7: Q""" — B"*" if and only if

(dZ,Z) + {dV,V) =0. (7)

Step 2 Lety: M — B""'be an immersion of a

surface M into B"*'. We look for the condition under

which ¢ has a local horizontal lift to Q"*".
1
Letp=1oq=7(—(Z +Vj)) :U— Q" 'be any
V2

local lift of ¢ , and mya horizontal lift of ¢ . Recall

n+1

that B"*' is defined as the quotient of Q"*'under the
U(1) —actione" - 7(q)=7(e"q) , then for anyp e
U,n(p) and n,(p) lie in the same orbit. It follows
that there is a map A ;U — U(1) such that n,(p) =

A(p) *m(p) forallp € U. In short,

1
0 =A s =7(—(AZ + AV))). 8
n n ’r(ﬁ( +AV))) (8)

Since m,is horizontal, we apply Lemma 1 to obtain
0={(d(AZ) ,AZ) + {d(AV),AV)
=(dA « Z + AdZ,AZ) + {(dX - V + AdV AV)
=AMA(Z,Z) +{V.V)) + AA({dZ,Z) + {dV,V))
=—2XdA + {(dZ,Z) + {(dV,V).
Here we have used AA =1 and AdA + AdA = 0.
Since AdA = A 7'dA = d(logh) we get
2d(logh) ={(dZ ,Z) + {(dV,V). (9)

If we take a local coordinate (x,y) on M , this

amounts to
dlogA
25 =(2,.2) +(V.V),
dlogh (10)
03
ZT =(Z,,Z) +(V,V),
YA 0z
where Z, = -—,Z =-——, etc. This is a system of
} 0x Jdy

first-order PDEs inA . By the Frobenius theorem for
PDEs, an initial value problem of such a system is
solvable if and only if the integrability condition

d (dlogA d (dlogA

ay( o ):ﬁ( dy )

that is,
22 (VY= (Z,2) V)
y Ox

holds. This equation simplifies to
(Z,,Z,) +(V,,V,) =(Z,,Z,) +(V,V,).
(11)
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Thus we obtain

1
Lemma 3.2 Suppose ¢y = 7 o 7(—(Z +
V2

Vi)): M — B""is an immersion. Then ¢ has local
horizontal lifts to Q"*'if and only if (11) holds.

Step3 Lety =7o 70 qg:M— B"" | where g

1
=f(Z + Vi) :M—7'(Q"") C $*"7. We shall
2

find out the equation for i to be totally real.
We have
dyp = dwrdrdg
=dmdr(dg - q{q,dq) - iq(iq,dg)) (12)
= dmdr(dg™),
= dg - q(q,dq) - ig(ig,dq) is the

In other

where dg”
orthogonal projection of dg onto ’T;l Heiq) -
words, dg” = T;]W;(lq)<d¢f) .

Choose a local coordinate (x,y) on M. Then,
using the definitions of the tensors ¢,J (see (5)),
and the fact that 7,7 are Riemannian submersions,
we obtain

¢ is totally real
S0 = (Y, JP,)

= (T W T ) g

<7Tf<q>’»[’r,€0777(q)¢ > n+l

=(7, 77'7(.1)(#” q 907Tr<q>¢ )R

= T;]W;(lq)¢x’ —i-7, T_<lq>¢ )R

=(q!, -ig ). (13)

Since (q.",iq,')x = Re(q!,iq)) ,
calculate (g ,iq, S first. Now
(q.iq)")
=(q, -9(9.9.) —i9{iq.4.) .iq, —i9{q.q,) +4(iq.q,))

= (q.q,) - (g.igXqq,) + (@.aiq.q) -
(0..9)(q.iq,) - {4, igr4ig.q,) -
(q..,iq) (ig,iq,) + (q..i44q.q,)

={4q,,iq,) - {q.,9){q,iq,) - {q,,iq)(iq,iq,)

let us

For the second step note thatq € 77'(Q"*") implies
(q,ig) = 0. Differentiating {g,q) = 1 yields
0={(q.9) +(q.9.)
=(q..9) +{q..9),
. e, {q.,9) € ImH . Similarly,

differentiating (g ,ig) = 0 yields

0 ={(q,.ig) +{q.iq,)
=- (iq,.q) +{(q.iq,)

=-(q,iq,) +{q,iq,),

e., <q,iq},> € R . Therefore <qx,q><q,iq},> e
ImH . Similarly (q. ,ig) <iq,iq},> € ImH . Thus we
get

2(q’.iq)" )
=2Re(q/,iq;")
=2Re(q,,iq,)
=Re(Z, +Vj,Zi+Vk)
=Re((Z,,Z,)i - (V,,V)i)
=Im((V,,V,) - <Zx, ) (14)
Finally, from (13) and (14) we obtain

1
Lemma 3.3 ¢y =mwecr(—(Z+Vj)):M—
A

B"*' is totally real if and only if
Im((V,,V,) -(Z,,Z,))=0
or equivalently,
Vv -(Z.2)=V,V,)-(Z,Z) (15)
Comparing with Lemma 3.2, we find that ¢

n+l

have a local horizontal lift to Q""" if and only if it is

totally real.
Step 4 We need a simple lemma.

Lemma 3.4 Suppose 7T N - Nis a

Riemannian submersion, M C N is a horizontal

submanifold, and M = 77'(]!_4) C N. Then
HsVI<7T(p) ) =TT, (Hﬂ;(P) )
for any p eM. Furthermore , H,; is horizontal. Here

H, H o are the mean curvature vectors of M, M ,
respectively.
Proof Lete,,---,e, be an orthonormal frame

on M , then, since 7| ; :M— M is an isometry, e, =

T, (El) , e, =, ( ém) is an orthonormal frame

on M. By O’ Neil’ s formula, V'Ajéi is the horizontal

lift of VV¥e.

el’

hence horizontal ,

and B@< e, e) =

TR .
- V2 e, is also horizontal.
e.

Thus H -
M

2 Bu}(éi ,e.) is horizontal. On the other hand,
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; N spheres[ J]. Journal of Differential Geometry, 1967, 1 (1)
vi\ez = 7T* ( vyez)
i i 111-125.

=7, ( vl}él +B 7( éi ’éi> ) [ 2] Bolton J, Jensen G R, Rigoli M, et al. On conformal minimal
‘i M immersions of S? into CP" [ J]. Mathematische Annalen,

= Vifei +, (BM(ei,ei) ). (16) 1988, 279 (4) ; 599-620.
[3] He Y, Wang C. Totally real minimal 2 — spheres in

Comparing with the Gauss equation in N , we find

that
B/Vl(ei’ei):7T*<Btﬁ(éi’éi>)' (17)
The conclusion follows immediately. L]

From the above lemma, we see that H, =

(2= HM = (. That is, Mminimal & Mminimal. This

applies to our situation and the main theorem is fully

proved.
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